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Abstract

In a cocaine dependence treatment study, we use linear and nonlinear regression
models to model post-treatment cocaine craving scores and first cocaine relapse time.
A subset of the covariates are summary statistics derived from baseline daily cocaine
use trajectories, such as baseline cocaine use frequency and average daily use amount.
These summary statistics are subject to estimation error and can therefore cause biased
estimators for the regression coefficients. Unlike classical measurement error problems,
the error we encounter here is heteroscedastic with an unknown distribution, and there

are no replicates for the error-prone variables or instrumental variables. We propose
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two robust methods to correct for the bias: a computationally efficient method-of-
moment-based method for linear regression models and a subsampling extrapolation
method that is generally applicable to both linear and nonlinear regression models.
Simulations and an application to the cocaine dependence treatment data are used
to illustrate the efficacy of the proposed methods. Asymptotic theory and variance
estimation for the proposed subsampling extrapolation method and some additional
simulation results are described in the online web supplementary material.

KEY WORDS: Bias Correction, Measurement Error, Method-of-Moment Correction,

Subsampling Extrapolation.

1 Introduction

Cocaine dependence remains a serious public health problem in the US with more than one
million individuals meeting criteria for current dependence (SAMSHA, 2004). Cocaine abuse
causes serious concerns to the society because of its association with criminal activities as
well as the high cost to treat health problems related to it. In the battle against cocaine
addiction, cocaine craving and relapse pose the greatest challenges. Despite the availability
of efficacious behavioral treatments, relapse rates remain high (Sinha, 2001, 2007).
Previous studies have revealed that one’s baseline cocaine use behavior is predictive of
cocaine relapse (Fox et al., 2006), along with many other risk factors such as age and gender,
cocaine withdrawal severity (Kampman et al., 2001), and stress and negative mood (Sinha,
2001, 2007). To describe the baseline cocaine use behavior, daily cocaine use trajectory data
are often collected in a short period prior to treatment. Summary statistics derived from
these trajectories are then used as predictors in a subsequent analysis to explain cocaine
craving and cocaine relapse. Among these, the most popular choices are the baseline cocaine
use frequency and average daily use amount (Carroll et al., 1993; Sinha et al., 2006).
Because the baseline trajectories are random, we view them each as a realization from a

stochastic process. The parameters governing the distribution of the process then character-



ize one’s true baseline cocaine use behavior. However, the summary statistics derived from
an observed realization are only estimates of these parameters and may often contain large
error, leading to a measurement error problem. In a regression setting, the use of error-prone
variables as predictors may cause severe bias to regression coefficients that are associated
with these variables and those that are correlated with them (Carroll et al., 2006). Thus,
the effect of measurement error due to the summary statistics must be accounted for.

We stress that the kind of measurement error problem faced here is different from the
classical measurement error problems. For the latter, the measurement error is often assumed
to have a known and constant variance and also follow certain distribution, e.g., a normal
distribution. When the variance is unknown, replicates of the error-prone variable or some
instrumental variables are needed in order to estimate the variance (Carroll et al., 2006). In
the current setting, the summary statistics are derived based on only one single realization
of the underlying process for each subject, i.e., there are no replicates, and the variances of
the summary statistics are typically unknown and unequal across subjects. In addition, the
errors in the summary statistics are usually non-Gaussian.

In the joint modeling literature, many authors have considered the so-called second level
regression models, where the covariates are subject-specific regression parameters of some
longitudinal measurements. A partial list of such work includes Wang et al. (2000), Song
et al. (2002) and Li et al. (2004, 2007). In all these papers, strong parametric assumptions
are made for the measurement error, such as that they are normally distributed. In a recent
application in the Sleep Heart Health Study, Crainiceanu et al. (2009) proposed building a
regression model to predict coronary heart disease status using summary statistics derived
from the electroencephalogram (EEG) d-power spectra. They adopted a functional data
analysis approach and proposed a simulation extrapolation (SIMEX) method to account
for the measurement error due to smoothing the EEG curves, where the simulation step

was done by bootstrapping the (independent) residuals. To account for the randomness in



each experiment, they proposed a Bayesian hierarchical model that jointly models the EEG
data from multiple visits. Similar to the authors mentioned above, we are also interested in
building a second level model where some covariates are summary statistics derived from the
baseline cocaine use trajectories. It is becoming an increasingly more important problem in
statistical practice to account for the estimation error in such summary statistics.

In this paper, we develop two robust bias-correction methods to account for the effect of
measurement error when a subset of the predictors are summary statistics derived from some
stationary stochastic processes. We consider both linear and nonlinear regression models.
For the former, we propose a computationally simple method-of-moment bias-correction
method, which is closely related to its counterpart in classical measurement problems. For
the latter, we propose a novel subsampling extrapolation (SUBEX) method, which can yield
approximately unbiased estimator in the presence of measurement error for a wide range
of problems. The SUBEX is motivated by the widely used SIMEX method proposed by
Cook and Stefanski (1994), which involves a simulation step to increase the variance in the
measurement error and an extrapolation step to correct for the bias. The simulation step in
SIMEX is difficult to apply here because of the challenges highlighted earlier. We instead
develop a novel subsampling algorithm to achieve the variance inflation. The proposed
methods do not assume any distribution for the measurement error, nor require knowledge
on its variance or the availability of replicates.

We organize the remainder of the paper as follows. In Section 2 we describe a real
dataset that has motivated our research. We discuss the proposed bias-correction methods
in Section 3, and assess their numerical properties through simulation in Section 4. We then
apply them to analyze the motivating data example in Sections 5. We conclude this article
with a discussion in Section 6. Additional theoretical and simulation results are given in the

online Supplementary Materials.



2 The Motivating Dataset

2.1 Description of data

One hundred and forty two cocaine dependent individuals between the age of 19 and 51 were
admitted to the Clinical Neuroscience Research Unit (CNRU) of the Connecticut Mental
Health Center, for two to four weeks of inpatient treatment for cocaine dependence. The
CNRU is a locked inpatient treatment and research facility with no access to alcohol or drugs
and limited access to visitors. The study was conducted in two separate periods with 59
enrolling in the first period and 83 enrolling in the second.

Upon treatment entry, all subjects were interviewed by means of the Structured Clinical
Interview for DSM-IV (First et al., 1995) to collect baseline demographic variables and daily
cocaine use history in the 90 days prior to admission. The latter was documented using
a 90-day time-line follow-back (TLFB; Sobell and Sobell, 1993) Substance Use Calendar,
which is a reliable instrument for assessing self-report drug use in alcoholic and drug abusing
populations (Fals-Stewart et al., 2000; see Section 2.3 for more discussion on the TLFB).
In addition, the Tiffany Cocaine Craving Questionnaire-Brief (CCQ-Brief) (Tiffany et al.,
1993), which measures “desire for using cocaine at this moment”, was also collected.

After completion of the inpatient treatment, all participants were invited back for follow-
up interview(s) to assess cocaine use outcomes. For the 59 subjects in the first study, only
one interview was administrated at day 90 after treatment. For the 83 subjects in the second
study, four interviews were given at days 14, 30, 90 and 180 after treatment. Daily cocaine
record was collected based on the TLFB procedure during each interview for the period
before. Urine toxicology screen was conducted to check the accuracy of a reported relapse or
abstinence in the same period. Some subjects reported abstinence but their urine samples
tested positive. Hence, these subjects had relapsed in the period proceeding the first positive

urine sample test date. However, the exact relapse date is unknown. Thus, our relapse data



are interval censored. In addition, the CCQ-Brief scores were also measured, typically only

at day 90 for the first 59 subjects but at days 14, 90 and 180 for second 83 subjects.

2.2 Exploratory analysis of baseline trajectories

The 90-day baseline daily cocaine use trajectory data were given in the form of actual daily
use amount (in gram equivalents) that was estimated by the study participants. However,
the data may contain large errors due to two reasons. First, it is generally difficult to
recall the exact use amount over a long period of time, at least more difficult than to recall
use/no use, say. Second, it is challenging to develop a common scale to assess the amount
used because of different methods of consumption. For example, some subjects may smoke
cocaine in the form of crack, others may use it in powder form intranasally, and others may
inject it; requiring all subjects to convert the amounts into the exact gram equivalents would
simply be unrealistic. Given these reasons, we also consider dichotomized trajectories, i.e.,
trajectories comprised of no use (=0) and any use (=1). We illustrate the main ideas in
the remainder of Section 2 based on such trajectories. However, we will also consider the
trajectories of actual use amounts in Section 5.

Our primary goal here is to assess the effect of one’s long-term cocaine use behavior on
posttreatment cocaine craving and cocaine relapse. The vast majority of the study partici-
pants had had multiple years of cocaine use history before enrolling in the study. Because
the baseline period is relatively short compared to the cocaine use history, it is sensible
to assume that the observed baseline cocaine use pattern was stable and also reflective of
one’s long-term cocaine use behavior. However, the cocaine use behavior could have been
altered temporarily because of the impending admission to treatment. To be sure, we have
examined the plot of daily percentages of individuals reporting cocaine use (Figure 1, (a)).
The plot indicates that there were more subjects using cocaine on the second last day before

treatment admission but much fewer on the last day. It also reveals that the daily percent-



ages in the first six days appeared to be lower than average, which could be due to, e.g.,
recalling error. Since these data may not be most representative for one’s long-term cocaine
use behavior, we have removed them from our analysis. This leaves us with an 80-day long
baseline period. Figure 1 (b) plots the baseline trajectories for four representative subjects.
The trajectories suggest that the daily cocaine use patterns are reasonably consistent over
the baseline period for these subjects.

We next study the dependence within each trajectory. Let B;; be a binary variable to
denote a cocaine use (=1) or no use (=0) for the ith subject on the jth day, i = 1,---,142

and j =1,---,80. Let r <40 be a positive integer. Define

L
9:(r) = g5 Z Bij Bi(j—r)-
j=1
If j <r, we set B,y = Bjigo+j—r). This is equivalent to assuming that the first and last
days are next to each other. Note that g;(r) is a second-order statistic and thus may contain
useful information about the dependence in a trajectory.

Figure 2 (a) shows values of g;(r) for the four selected trajectories shown in Figure 1
(b). It reveals a large variability among the individual g;(r), which range from consistently
near-zero values for Trajectory 1 and a constant value of one for Trajectory 4. The former
suggests a very low baseline frequency whereas the latter implies cocaine use everyday. The
plot of g;(r) for Trajectory 2 reaches a peak every seven days, suggesting a weekly cocaine use
pattern; however, the same plot for Trajectory 3 shows a slightly decreasing trend, implying
that the dependence becomes weaker as the time lag r increases. Combined together, the plot
illustrates the highly complex nature of the dependence in these trajectories. Consequently,
the distribution of the summary statistics and hence that of the resulting measurement error
are also expected to be highly complex. A strong parametric assumption for the measurement

error may then be unrealistic and potentially restrictive.



2.3 Construction of baseline summary statistics

We illustrate the construction of baseline summary statistics based on the four trajectories

given in Figure 1 (b). A most obvious choice is the baseline frequency, expressed as

1 80

where B;; is as defined in Section 2.2. For the four given trajectories, the resulting baseline
frequencies are 0.125, 0.725, 0.763 and 1, respectively. Note that Trajectories 2 and 3 yield
similar baseline frequencies, although they look different both visually and as indicated by
the plots of g;(r).

To better distinguish the patterns between Trajectories 2 and 3, we may consider

= Zq/}(r)gz(r) = % Z [Z ¢(7’)BijBi(j—r) = 8i Z ij (2)

where r* is a positive integer and ¥ (r) is a properly defined function. For example, if r* =7

and ¥(r) = 0 except when r = 7, then W} simply quantifies the strength of a weekly
pattern. We may also set ¢(r) as an (estimated) principal component of g;(r). For our data,
the second and third principal components (Figure 3) describe variabilities due to weekly
patterns and short-range dependence, respectively. The obtained summary statistics are
-0.1945 and 0.0037 for Trajectory 2, and are 0.0688 and -0.0474 for Trajectory 3. Hence,
Trajectory 2 exhibits more evidence for a weekly pattern while Trajectory 3 appears to
have a stronger short-range dependence. The first principal component essentially yields a
summary statistic that is comparable with the baseline frequency. Note that the summary
statistics defined in (1) and (2) can both be viewed as the sample mean of a stochastic
process associated with the ith subject. We will focus on this case in our paper.

The obtained summary statistics are random mainly due to two reasons. First, the

baseline cocaine use trajectories, even if they can be accurately observed, are only realizations

of some stochastic processes. Suppose that the baseline period could be repeated, then the



resulting new trajectories, and hence the summary statistics based on them, would most likely
be different. This will be especially true for Trajectories 1 and 3. Such kind of randomness
cannot be reduced, because it is an inherent part of the stochastic nature of one’s cocaine
use behavior. Second, the accuracy of a reconstructed baseline trajectory will depend on a
number of factors, such as patient characteristics and their patterns of cocaine use as well
as methods and settings in which data were collected. Some of these factors are random
and therefore may introduce additional variability in the obtained baseline trajectories. The
TLFB is designed to minimize such variabilities. It uses a calendar prompt and a number of
other memory aids (e.g., the use of key dates such as holidays, birthdays, newsworthy events
and other personal events as anchor points) to render more accurate recalls of daily cocaine
uses. The subjects are also asked to recall lengthy periods of time when they completely
abstained or used in a very regular pattern (e.g., used consecutively or weekly); patterns in
such periods can often be identified more accurately. It has been shown that the TLFB can
provide reliable daily cocaine use data that have high 1) retest reliability, 2) correlation with
other cocaine use measures and 3) agreement with collateral informants’ reports of patients’
cocaine use as well as results obtained from urine assays (Fals-Stewart et al., 2000). Hence,
the variability due to self-report should be small, especially for those with marked regular
cocaine use patterns such as Trajectories 2 and 4.

Despite the well recognized effectiveness of TLFB, underreporting could still be a concern
as with most other self-report data on use of illicit drugs. However, there are considerably
less incentives for one to deny a use that occurred in a baseline period compared to during
treatment and followup. Several studies have in fact reported a high degree of agreement
between patients’ self-report recent drug use and urine testing results obtained at the time
of admission to treatment (Brown et al., 1992; Sherman and Bigelow, 1992). In lights of
these facts, we do not consider the potential underreporting in the baseline data but will do

so when analyzing the relapse data.



Another potential source of variability in the summary statistics is due to the use of an
estimated function 1 (r). However, this is often small when the sample size is large and can
be eliminated when 1 (r) is decided in advance (e.g., as is the case with baseline frequency).
Our main focus of the paper is to account for the variability caused by the stochastic nature
in one’s cocaine use behavior, although our approach can also be applied when the baseline
trajectories each are contaminated with a stationary error process of mean zero, i.e., when
there is no systematic underreporting. The major challenge is that the distribution of the
summary statistics may be very difficult to model, as a result of the highly complex within-
trajectory dependence shown in Section 2.2. We will develop methods without having to

specify the within-trajectory dependence.

3 Statistical Methods

3.1 Notation and setup

Let N; be a stationary stochastic process that has generated the ¢th cocaine use trajectory
over the baseline period (0, 7], where 7 > 0. Let W, be a summary measure that is calculated

from a realization of IV;. We assume that W; takes the following general form:

W=t / (), (3)

where N is either NV, or a different stationary process that is derived from N;. In other words,
W; is the sample mean of N;. We present W; in a more general integral form as given in (3),
but its discrete counterpart can be easily derived; for example, see the baseline frequency
and the second-order summary statistics given in (1) and (2). For ease of presentation but
without losing generality, we simply write N as IV;.

Suppose that the distribution of N; depends on a set of parameters A;. Let X; = E(W;|A;)

be a desired predictor that describes some aspect of the long-term cocaine use behavior for
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the ith subject, e.g., the long-term cocaine use frequency. Let U; be a measurement error
such that W; = X; + Uj; this specifies the classical measurement error model (Carroll et
al., 2006). The magnitude of U; can vary greatly across subjects. For example, for the four
baseline trajectories that are given in Figure 1 (b), U; is expected to be small for Trajectories
2 and 4, but may be much larger for Trajectories 1 and 3. In regression analyses, the use of
W; as a substitute for X; may lead to biased estimators for the regression coefficients.

To correct for the bias, it is often necessary to estimate the variability in W;. When
independent replicates of W; are available, this is rather straightforward (Carroll et al.,
2006). However, independent replicates are not available for our data, because only one
baseline trajectory was observed for each subject. However, for any given baseline period,
we may obtain multiple equal-length subsets. Let S(t,p) = (¢,t + p7] be one such subset,
where 0 < p < 1and 0 <t < (1 — p)r. The summary statistics defined on S(¢, p), denoted
by W;(t,p), can then be treated as replicates of each other. We will derive our proposed
bias-correction methods based on these replicates. However, W;(¢, p) are not independent
because of the within-trajectory dependence and also possible overlapping in the subsets.

Let U;(t,p) denote the measurement error that is associated with W;(¢,p). By station-
arity and condition (3), W;(t,p) is an unbiased estimator for X; and hence U;(¢,p) has an
expectation equal to zero when conditional on A;. We next consider the variance of U;(¢, p).
Define ¢} = lim,_.(702,), where o2 is the variance of U; conditional on A;. Let a; be a

constant that is typically nonnegative. We assume that

(pr)Var[Ui(t,p)|As] = 67 — piT&i +o0 (p%_) . (4)

Condition (4) is a standard assumption for sample-mean-like statistics (Politis et al., 1999).
For the motivating data given in Section 2, it essentially requires that the baseline trajectories
are weakly correlated, and that the rate of decay in the correlation is dominated by the
inverse of the length of the time interval. This condition is used mainly to ensure that our

proposed methods are asymptotically valid as both n and 7 increase to infinity, where n is
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the total number of subjects. However, in a practical setting, 7 is often small relative to
the dependence range and hence the last term of (4) can be quite large compared to the
two leading terms. We investigate the performance of our proposed methods under different
levels of dependence through simulation (see Section 4).

Based on condition (4), we can link the variance of the measurement error in W;(t, p)
to that in W;. This link will be critical for the development of our proposed bias-correction

methods based on W;(¢,p). Specifically, it follows from straightforward algebra that

o2 1—p
Var|U(t,p)| Xi] = = — ——ay, )
arlU ()X~ 7 2L )

if p > pg for some py > 0 such that pg7 is sufficiently large. In the special case that N; is an in-
dependent process, then (5) holds exactly with a; = 0 and consequently o7 = pVar[U;(t, p)].
However, this is unrealistic for our data given the evidence of within-trajectory dependence
shown in Figure 2. In a more general setting, condition (5) implies that pVar[U;(t, p)] is
biased for o7 , but the bias can be reduced by adding back (1 — p)a;/(p7?).

We introduce the following notation. Let Y; be the response and let Z; be some covariates
observed without error, both for the ith subject. Let Y = (Y1, -+ ,Y,,) be an n x 1 column
vector. Similarly define W, X and U as the nx 1 vectors based on W;, X; and U;, respectively,
and define Z as the matrix obtained by stacking together the row vectors Z!, where ZT

denotes the transpose of Z;.

3.2 Method-of-moment bias correction for linear models

We illustrate our proposed bias-correction method through the following simple model:

where @ = (3,7m) is a vector of regression coefficients and ¢; : ¢ = 1,--+ | n are independent

random variables with mean zero. Based on the observed data (Y, W, Z), the least-squared
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estimator for @ can be written as

-1
WIw W7z w7
Y| =A"'B.

(W}
I

ZTW Z7Z zr
Note that W = X + U. It follows from some simple algebra that

XX +0? XTZ

E(A|X,Z) = ;
VAD 7'7
XX X'z
E(B|X,Z) = 0,
Z'X 7'7Z

where 0? = E(UTU) = Y7 2. Clearly 8 is biased for 6 because o2 # 0. If an estimator

2 is available, we can then obtain a method-of-moment bias-corrected estimator, say

for o
émom, by subtracting the variance estimator from the first element of A. Thus, the problem
has become a variance estimation problem.

2. A nonparametric estimator is

We develop a nonparametric variance estimator for o
desirable because of the complex within-trajectory dependence. To develop our method, let
t be an arbitrary time point satisfying 0 < ¢ < 7 — kpr, where k = [1/p] and [z| denotes the
integer part of a positive constant z. We require p < 1/2 so that £ > 2. We then partition
the interval (¢, ¢t+kp7| into k nonoverlapping subintervals each of length pr. Let W;(t+jpt, p)
be the summary statistic defined on the (j 4+ 1)th subinterval for the ith trajectory, where

7=0,1,--- k= 1. Define

) 1 T—kpT )
0 - 52 (t,p)dt
R == [ aa
where
1 k—1 )

Il
o

J

In the special case that 7 = kpr, we simply set &, (p) = &2 (0,p).
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By condition (3), the average of the summary statistics W;(t + jpr, p) is W;(t, kp). Thus,
g (t,p) intends to estimate the variance of U;(t,p). Define o = 7" ;. Recall that

W;(t + jpr,p) is an unbiased estimator for X;. It then follows from condition (5) that

o[So|~L (- e (e e o

In light of (6), define

Y (p) = pzl:l_l—la/kzz}; and X (p) =

—p—(1—kp)/k?
pr(1 —1/k)

(7)

We propose to regress ?(p) on X (p) at some preselected values of p, say (p1,---,ps) where
J > 2. The resulting intercept and (minus) slope estimators, denoted by 62 and &, can then

2 and «, respectively. Moreover, a scatter plot of X (p) and

be treated as estimators for o
Y (p) can be used as a practical tool to assess whether condition (4) is reasonable.

To understand the contributions of individual trajectories to the calculation of 62, we
plot Y;(p) against X (p) in Figure 2 (b) for the four trajectories shown in Figure 1 (b); here
W; is the baseline frequency. Note that Trajectory 3 has significantly larger f/@(p) values than
the other three trajectories. This reflects the greatly increased uncertainty in the empirical
baseline frequency given the strong within-trajectory dependence for Trajectory 3. It is also
interesting to see that Trajectories 2 and 4 have the smallest fﬁ(p) values, as a result of their

highly regular patterns. Combined together, these observations suggest that 62

is mostly
affected by trajectories that exhibit strong within-trajectory dependence, but much less so

by those that possess highly regular patterns.

3.3 A subsampling extrapolation approach

The method-of-moment bias-correction method discussed in the last section is limited to
linear models. Cook and Stefanski (1994) proposed a SIMEX method which can yield ap-

proximately unbiased estimators in the presence of measurement error for both linear and
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nonlinear models. The key idea is to generate some pseudo “remeasurements”, W;((), where
Var[W;(¢)|X;] = (1+()os, i =1,---,n. This is typically achieved through simulation by

adding to each error-prone variable W; an independent error with variance equal to Qaii

2

Us

when o is known, or by taking suboptimal linear combinations of the replicate measure-

2

ments when o3 is unknown but independent replicates of W are available (Devanarayan
and Stefanski, 2002). Regression analysis without any bias correction is then conducted in
terms of W;(¢) to obtain 6(¢). Because ¢ = —1 corresponds to the case of no measurement

error, a bias-corrected estimator can then be obtained by extrapolating a fitted model to

~

0(¢) at ¢ = —1.

It is difficult to apply the simulation step of SIMEX here, because there is only one
baseline trajectory observed per subject and the variance of the summary statistic defined
on it is also unknown. The lack of independent replicates is common for data arising from
stochastic processes such as time series and spatial data. If the within-process dependence is
reasonably weak, one can create approximately independent subreplicates using subsampling
techniques. The obtained subreplicates can then be used in applications such as estimating
the variance and distribution of a general statistic calculated from the data (Politis et al.,
1999). In the current setting, the use of subsampling entails considering the summary statis-
tics W (¢, p) that are defined over the subintervals S(t,p) = (t,t+p7], where 0 <t < (1—p)7

and py < p < 1 for some py > 0. By condition (5), we can immediately conclude

o 1—p L 1-pa;\ , 2
Var[W;(t, p)|Ai] =~ PR a; = (]; ~ 051) o, = xi(p)os . (8)

Because z;(p) is typically larger than one, W;(t,p) has a variance that is larger than o .
The above interesting observation, together with the fact that W;(¢,p) is an unbiased
estimator for X;, has inspired us to treat W;(t,p) as a pseudo remeasurement for ;. Re-

gression analysis without accounting for measurement error can be done based on data

{Y;, Wi(t;,p), Z;}, where t; € [0,(1 —p)7], i = 1,--- ,n. Let 9(p; t1,+-- ,t,) denote the
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resulting estimator. We then integrate out the ¢;’s and obtain

é( 1 /(1—p)T /(1—p)T é( )
o —— ;t,---,tndt---dtn. 9
p) [(1 - p)T] 0 0 ph 1 ( )

It is generally difficult to calculate (9) exactly. We use Monte-Carlo average of O(p; t1,- - , t,)
based on multiple randomly selected ¢;’s as an estimate for (9), where 0 < ¢; < (1 — p)7.

To correct for the bias, we also need to obtain x;(p), where

1 1—p o
ip)=—(1- — .
7i(p) p( pr? 0?)

Because «; and O'ZZ_ are both unknown, z;(p) must be estimated. One quick approxima-

tion is to set z;(p) ~ 1/p. This is valid if a;/(7%07 ) is small and/or p is large so that

(1 —p)ai/(pr?o?,) is much smaller than one. Alternatively we may estimate a; /07 in z;(p)
by &/62. This can lead to less biased estimators if «; /a,i_ is approximately constant. In
either case, the estimate is free of i so we rewrite it as Z(p).

Following Cook and Stefanski (1994), we propose to fit a parametric model to (2(p), 8(p))
based on some preselected values of p, where é(p) is as defined in (9). We then use the
extrapolated value at p = oo from the fitted model as our bias-corrected estimate for 8. The
validity of extrapolating at p = oo can be justified in two ways. First, note that p = oo
means that each N; is observed over an infinitely long time interval. This is equivalent
to that X;’s are observed without error, since W, converges to X; almost surely assuming
ergodicity (Daley and Vere-Jones, 2008). Second, note that the extra variance added to W is
approximately (1/p—1)o2 under our approach, but would be (o2 if SIMEX could be used.
Solving 1/p — 1 = ( for ( = —1 leads to p = co. From this perspective, our extrapolation
criterion coincides with that used for SIMEX.

To conduct the extrapolation, we also need a parametric model for (&(p),0(p)). We

consider a quadratic model defined in terms of z(p),

Go,T) =y + 2(p)y2 + 2(p)*s,
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where I' = (71, 72,73). Carroll et al. (2006) suggested that the SIMEX version of the above

model often works well in practice. In our simulation, we also consider a cubic model,

Ge(p.T) =y + &(p)v2 + 2(p)*v3 + 2(p)* s

with the understanding that now I' = (71, 72,73, V4)-

The asymptotic theory for the proposed SUBEX estimator is derived in our online ap-
pendix. Following similar lines as those in Carroll et al. (1996), we show that the SUBEX
estimator has an asymptotically normal distribution. Inspired by the theory, we also pro-
pose a sandwich formula in the appendix to estimate the variance of the estimator. Our

simulation results confirm that the sandwich formula works well.

3.4 Comparison to two naive alternatives

It is intuitively appealing to assume independence between subsets of a baseline cocaine
use trajectory observed over the intervals (0,7/2] and (7/2,7]. Recall that W;(0,1/2) and
Wi(7/2,1/2) are the counterparts of W; based on the data in (0,7/2] and (7/2, 7], respec-

tively. In the linear model case, this assumption leads to the naive variance estimator,

n

Z (1/2) = 3 37 W(0,1/2) ~ Wi(r/2,1/2)

=1

In the nonlinear model case, we may instead use the pseudo “remeasurements”:

Wi(¢) =W, + § (W;(0,1/2) — Wi(1/2,1/2)], for each ¢ > 0.

2

A bias-corrected estimator can then be obtained based on 4 ..

instead of 62, in the
linear case, and SIMEX can be applied based on the pseudo “remeasurements” W;(() in
the nonlinear case. The latter is simply a special case of the empirical SIMEX when two

independent replicates are available for the error-prone variable (Devanarayan and Stefanski,

2002).
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For the naive variance estimator, it follows from (6) that

E(62,,) ~ 0% — 2.

naive

Thus, 62 . underestimates o2 if a > 0, where the bias is of order 772 and can be approx-

natve

2

naive

imated by —2&/(7262). This immediately implies that & is not consistent for o2 unless
7 — 00. However, for our motivating data 7 cannot be too large, because of the difficulty
to reconstruct a reliable baseline trajectory over an extensively long period of time.

In contrast, our proposed estimator 62 has a much smaller bias, which in turn will yield
less biased regression coefficient estimates. To see this point, suppose that N; is m-dependent,

i.e., the dependence in N; completely vanishes beyond a lag distance m. Then it is easy to

show that (4) becomes
o 1 )
(pr)Var[Ui(t,p)|N;] = 6; — —ay, if pr > m.
pT

Suppose that m/7 < p < 1/2. Then (6) becomes

" 1 1 1 1—kp
~2 _ 2
E aui(p)] —5<1—%)a ~ (1—p— 12 )04.

i=1

The above relationship implies that 62

is an unbiased estimator for o?. Write 62 for 62
to make explicit its dependence on n. By the strong law of large numbers, %Z?:l 612” (p)
converges to its expected value almost surely. It then follows that 62 is consistent for o2,
in the sense that 62/0% — 1 almost surely as n — oo. This in turn implies that the bias-
corrected estimator 0., is consistent for 8. Note that the consistency result requires only
T > 2m and n — oo but not 7 — oo.

To further illustrate their differences, we estimate 012%_ by our proposed variance estimator
and the naive estimator for the four baseline trajectories given in Figure 1 (b), where W;
is the baseline frequency. Specifically, the former estimator is obtained by regressing fﬁ(p)

against X (p), where Y;(p) and X (p) are as defined in (7), and the latter estimator is simply

2.(1/2). Our proposed variance estimator yields a much larger estimate (=0.0308) than
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the naive one (=0.0264) for Trajectory 2; this is expected given its relatively strong within-
trajectory dependence. The estimates for the other three trajectories are all similar. These
results demonstrate the difference by accounting for the negative bias in the naive estimator
when there is a strong within-trajectory dependence.

For the new pseudo “remeasurements” W;((), it follows from condition (5), the definition

of W; and stationarity of N, that

Var [W;(Q)|A;] = Var(W;|A;) + %Var [(W;(0,1/2) — Wi(1/2,1/2)|A\;] =~ (1 T(— 20y ) o

252 Ui *
TE0,.

Clearly, the amount of variance inflation is smaller than the desired amount, i.e., Caii. Let

¢ =1/p — 1. Then, we can rewrite the above as

Var (ol ~ 1 - 20 g2

p  priol
For our proposed SUBEX, we use W;(t,p) as the pseudo “remeasurements”, where

W;(t, p) is the counterpart of W; defined on (¢,¢ + pr]. Recall from (8) that

Var (Wi~ |5 - U o2,

p pPrioz,
If ; > 0 and p > 1/2, then Var [W;(t,p)|A;] > Var [W;(()|A;], where ¢ = 1/p — 1. Thus,
the variance of W;(t,p) is closer to the target (inflated) variance (1 4 ()02 than that of
W;(¢). This implies that the proposed SUBEX with #(p) = 1/p can be more effective in
bias correction than the empirical SIMEX. Moreover, it suggests that we should set p > 1/2.
The proposed SUBEX with Z(p) = 1/p — (1 — p)&/(p*126?) is generally even more effective

in bias reduction. This can be seen from our simulation results in Section 4.

3.5 Extension to nonstationary processes

We argued in Section 2.2 that it is reasonable to assume stationarity for the baseline trajec-
tories in our motivating data. However, there may be situations where such an assumption is

questionable. To generalize our methods, let IN; be a nonstationary stochastic process with

19



mean given by X; + A(t), where A(¢) changes over time but is fixed across processes at any
given t. For identifiability let [ A(t)dt = 0. Define W;, U; and W;(¢,p) as in Section 3.1. Tt
is easy to see that E(U;|A;) = 0. Also define
« e
Witn) = Wilt.) = — [ Ao
and

Clearly, E[W}(t,p)|A;] = X; and hence E[U;(t,p)|A;] = 0.

Suppose that the variance of U;(t,p) satisfies condition (4). In the linear model case,
our proposed method-of-moment bias-correction method can be extended to the current
setting by replacing W;(t,p) therein with W}(¢,p). The validity of this approach follows
analogously as in the stationary case. In the nonlinear model case, observe the facts that

E[W;(t, p)|Ai] = E(Wi|A;) and

Var [W}(t, p)|\;] = Var [U;(t, p)|\i] = F — (1_—]))20%] ol

p  p*riol,
We therefore use W/ (¢, p) as the pseudo “remeasurements”. In practice we replace A(t) by

its consistent estimator 5\(t), given that such an estimator exists.

4 Simulation Study

4.1 Simulation 1: linear model

We simulate independent tuples {Y;, N;, Z;}, for i = 1,--- ,n. Here V; is a stationary point
process with intensity X;, where X; ~ 14+ Log Normal (0,0.5); Z; is an error-free Bernoulli

random variable independent of X; and with mean equal to 0.5; and Y; is given by

Yi=00+0,X; 4+ 0:Z; + ¢,
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where 8 = (6y,01,0,)" = (1,1,1)T and ¢; ~ Normal(0, 0.5%). We assume that X; is unknown
but can be estimated by W; = N;((0,7])/7, where N;((0,7]) denotes the number of events
of N; contained in the time interval (0, 7]. Note that W, takes the general form given in (3).

We consider two scenarios for N;. Under the first scenario, N; is a homogeneous Poisson
process. To simulate N;, we first generate a Poisson random variable M; with mean equal
to 7X;, and then randomly simulate M; events in (0, 7] according to a uniform distribution.
Under the second scenario, N; is a homogeneous Poisson cluster process. To simulate NN,
we first generate a homogeneous Poisson process with intensity p; = X;/3 as the parent
process. For each parent, we then generate m = 3 children on average according to a
Poisson distribution, and disperse the children locations independently following a normal
distribution centered at the parent location and with standard deviation w = 2. The final
process contains only the children event times. For Poisson processes, all events in disjoint
time intervals are independent. However, this is not true for Poisson cluster processes.

We repeat the simulation 200 times in each case. For each simulated data set, we apply
our proposed MOM and SUBEX estimators to estimate 6. For the former, we obtain &
and 62 based on 20 equally spaced p values in [1/3,1/2] when regressing Y (p) on X (p).
For the latter, we assign Z(p) = 1/p and #(p) = 1/p — (1 — p)a/(p*r%6?) and refer to the
resulting estimators as SUBEX; and SUBEX,, respectively. We set the p values used for both
estimators to be from 0.6 to 0.95 with an increment of 0.05, and use a quadratic function for
the extrapolation. In the online appendix, we show additional results for SUBEX with a finer
choice of p values and also with a cubic extrapolating function. These results suggest that
the SUBEX method is not sensitive to the choice of p values, since increasing the number
of p does not change the results much. Using the cubic function can reduce the bias but
also increases the variance of the SUBEX estimator, and leads to a less efficient estimator
in terms of mean squared error.

For comparison, we also apply the naive estimator by treating W; as if it was X, and the
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naive MOM (referred to as MOM; ) and the empirical SIMEX estimators described in Section
3.4. For the last two estimators, we assume that N; in (0,7/2] and (7/2, 7| are independent.
This is true for the Poisson processes, but not for the Poisson cluster processes. In Table
1, we report the bias, standard error, mean of the estimated standard error and relative
efficiency of the considered estimators. The relative efficiency of an estimator is defined
as the mean squared error of the naive estimator divided by that of the estimator under
consideration.

In the Poisson process case, we set 7 = 10 and n = 200. From Table 1, we see that
the naive estimator for #; has a large bias due to the estimation error in W;. However,
the biases in the other estimators are much smaller. Since N; is Poisson, there is no need
to consider within-trajectory dependence. As a result, the naive MOM; estimator, the
empirical SIMEX, and SUBEX; have slightly higher relative efficiencies than the proposed
MOM; and SUBEX, estimators, both of which are designed to account for within-trajectory
dependence. However, none of the estimators for 6, suffers from attenuation, and the naive
estimator has the smallest standard error. This is because Z; is measured without error and
is also independent with X;. This phenomena has been repeatedly observed throughout our
simulation. We will therefore discuss only the results for 6; from now on.

In the Poisson cluster process case, we set 7 = 10, 20 and n = 200. From Table 1, we see
that the naive estimator is even more biased than in the Poisson process case. This is because
of the increased estimation error in W; due to correlation. Our proposed MOM, estimator
has the smallest bias among all estimators: the bias when 7 = 10 is —0.1869 whereas the
next smallest bias in magnitude is —0.4009; the bias when 7 = 20 further reduces to —0.1014,
which is again the smallest among all estimators. The relative efficiency for the proposed
MOM, estimator is also the highest. In particular, it can be eight times as efficient as the
naive estimator when 7 = 20. The two SUBEX estimators perform significantly better than

the empirical SIMEX. This is expected following our discussion in Section 3.4. Between the
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two, SUBEX, works slightly better than SUBEX;, because it better accounts for within-
trajectory dependence. In general, the amount of information used to estimate X; increases

as 7 increases. This fact explains the better results for all estimators when 7 = 20.

4.2 Simulation 2: survival model

An important part of the project is to model the first relapse time after treatment. As
explained in Section 2, the data are partially interval censored. We use the second simulation
study to mimic the real data and to check the performance of the proposed estimators.

We simulate X;, V; and Z; as in Section 4.1, for ¢ = 1,--- ,n, and simulate the failure

time 7T; through a Cox proportional hazard model with the hazard function

where Ao(t) =t is the (unobserved) baseline hazard function. The regression coefficients are
0 = (3,n)" = (1,1)T. We assume censoring at random and set the censoring times to be
(0.2,0.5,1). Let the censoring indicator ¢; be a binary variable independent of X; and Z;,
with P(6; = 1) = 0.5. When §; = 1, the event time 7; is censored in the interval between the
two censoring times closest to Tj; if T; is less than 0.2, it is censored in [T} = 0,77 = 0.2];
if an event time is over 1, it is automatically right censored at 1. Overall, about 12% of the
observations are right censored, 43% are interval censored, and the rest 45% are observed.
For interval censored data, it is difficult to separate estimating the baseline hazard func-
tion from estimating € by using approaches such as the partial likelihood (Cai and Betensky,
2003; Sun 2006). Many authors have considered modeling the baseline hazard as spline
functions. We follow Cai and Betensky (2003) and Ruppert et al. (2003) to model the log

baseline hazard as a linear spline function:

K

$(t) =log Ao(t) = ag + art + > _ br(t — k), (11)
k=1
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where x; = max(z,0) and ks are the knots. There are two immediate benefits for using this
model. First, \o(-) is guaranteed to be nonnegative, so that we do not need any constraint on
the parameters when maximizing the likelihood. Second, since ¢(-) is modeled as piecewise
linear polynomial, the cumulative hazard function can be written out in an explicit form.
For higher-order spline functions, such explicit expressions are not available.

Let © be the collection of all parameters, including both 8 and the spline coefficients in
(11). Then, © can be estimated by maximizing the penalized likelihood

" 1
lpen(©) =) 1i(©) — 27 (12)
=1

where /;(0) is the log likelihood function for the i-th subject, o7 is a tuning parameter that
controls the smoothness of ¢(t), and b = (by, by, - ,bg)?. Cai and Betensky (2003) gave
the detailed expression for ¢;(©) and also suggested a data-driven procedure to estimate
o2. As pointed out by Apanasovich et al. (2009), estimation of the parametric component
in a semiparametric setting is not sensitive to the choice of the smoothing parameter. We
therefore use a fixed yet reasonable o7 in our simulation so as to reduce the computational
burden.

As in the linear model case, we use both homogeneous Poisson processes and Poisson
cluster processes for INV;. We consider five estimators: the estimator using the true Xj,
the naive estimator that replaces X; by W;, the two SUBEX estimators, i.e., SUBEX; and
SUBEXj,, and the empirical SIMEX. The results in Table 2 are obtained by modeling ¢(t)
with a 10-knot spline function. The spline function provides a sufficient approximation, as
can be seen from the fact that the estimator based on the true X; is almost unbiased. Thus,
all biases in the other four estimators are mainly caused by the estimation error in W;. We
have also tried K = 25 knots and obtained very similar results.

In the Poisson process case, we set 7 = 10 and n = 200. Similar to the linear model case,
the naive estimator is severely biased, but the SUBEX and the empirical SIMEX estimators

can significantly reduce the bias. Since there is no within-trajectory dependence in V;, the
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empirical SIMEX perform better than the two SUBEX estimators, and there is no benefit
for using SUBEX, over SUBEX.

In the Poisson cluster process case, we set 7 = 10,20 and n = 200. We also consider
n = 400 when 7 = 20. From Table 2, we see that both SUBEX; and SUBEX, have much
smaller bias in magnitude than the empirical SIMEX but are also more variable. Thus,
there is a trade-off between reducing the bias and increasing the variance. Between the two
SUBEX estimators, SUBEX, is slightly more effective in reducing the bias than SUBEX}.
In terms of relative efficiency, the two SUBEX estimators perform significantly better than
the empirical SIMEX except when 7 = 20 and n = 200. In this case, the relative efficiency
of all three estimators are similar.

When 7 = 10, the bias is quite large after the bias correction. This is because the within-
trajectory dependence is strong in this case. When 7 increases to 20, the biases decrease
significantly in all cases. However, when n increases from 200 to 400, the biases are nearly
unchanged for all estimators, although the standard errors decrease. In general, the bias of
the SUBEX estimators depends on the strength of the within-trajectory dependence relative
to the length of the observation interval, i.e., 7, but not on the sample size n. The statistic
2a/(726%) given in Section 3.4 can be used to gauge the level of dependence. Specifically, it
is approximately equal to 0.2519 when 7 = 10 and equal to 0.1228 when 7 = 20.

In the online appendix, we show additional simulation results with a finer choice of p
values and also with a cubic extrapolating function. Similar to the linear model case, we
find that using the cubic function can reduce the bias but inflate the variance of the final
estimator. Increasing the number of p values does not change the results much, although

variability of the new estimator does become smaller.
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5 Application to Cocaine Dependence Treatment Data

5.1 Definition of variables

We apply our proposed bias-correction methods to analyze the motivating dataset given in
Section 2. The main outcomes of interest are the (log) CCQ-Brief scores collected at days
90 and 180 (when available) after treatment and the time to first relapse. For the latter, we
focus only on data in the first 90 days from participants in the second study, because the
self-report cocaine use data obtained in this period are believed to be more reliable and are
also supplemented with more frequent urine samples for these subjects.

The predictor variables used in both analysis include age, gender (=1 for female and 0
for male), race (=1 for African American and 0 for the rest), number of cocaine use years
and number of anxiety disorders present at the baseline interview. For the first analysis
involving the CCQ-Brief scores, we also include an indicator variable which is equal to one if
the measurement was take at day 90 and equal to zero otherwise. For a given baseline cocaine
use trajectory, we calculate the baseline frequency and baseline average daily use amount.
We include one of them each time as an error-prone predictor variable in the analyses. We
have also conducted a separate analysis to include the second-order statistics defined in (2)
with (r) therein being the second and third principal components of g;(r),r = 1,--- | 7;
these summary statistics characterize one’s weekly use pattern and short-range dependence,
respectively. Figure 4 shows histograms for these four summary statistics. However, neither
the weekly pattern nor the short-range dependence is significant, likely because the associated
second-order summary statistics are tightly distributed around their means (see Figure 4 (c)
and (d)) and also the sample size is relatively small. A significant relationship could be
obtained if more subjects are included. In light of this result, we focus on the baseline

frequency and baseline average daily use amount in our discussion below.
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5.2 Analysis of CCQ-Brief scores

Our analysis is based on 126 participants whose CCQ-Brief scores were available at days 90
and/or 180. Eight of the remaining sixteen participants never returned for any interview
nor provided any cocaine use record. It is difficult to assess the causes of dropout for these
individuals. The other eight participants dropped out before day 90 with partial cocaine use
records reported. Among these, six dropped out on or before day 15, but only two of them
relapsed before dropout. Thus, there is no strong evidence suggesting a connection between
the missing mechanism and the success of treatment. Given the relatively small number of
missing observations, we conduct our analysis based on the complete data.

Figure 5 shows a scatter plot of X (p) and Y (p) for p = k/7, where k = 30,31, - - - ,40 and
7 = 80. There is clearly a linear trend between X (p) and Y (p), which suggests that condition
(4) is reasonable. By regressing Y (p) on X (p), we obtain 6% = 2.269 and &/72 = 0.4261.

Recall that 2a/(7262) can be regarded as the amount of bias of the naive variance estimator

2
naive

2

relative to 0. Based on & and 62, we conclude that 62, .

o approximately underesti-
mates o2 by 37.56%. This bias is quite large and in turn will yield biased regression coefficient
estimates. As we discussed in Section 3.3, the bias is mainly caused by underestimation of
o2 for trajectories that are similar to the third trajectory given in Figure 1 (b).

Table 3 lists the estimated regression coefficients and their standard errors for our pro-
posed estimators based on the proposed MOM and the two SUBEX estimators used in the
simulation. The standard errors are obtained by bootstrap. The estimated coefficients from
SUBEX; are very close to those from the MOM estimator, whereas those from SUBEX, are
slightly more different. For baseline frequency, the resulting estimates are equal to 0.565,
0.577 and 0.662 for these three estimators, respectively. For comparison, we also apply the
naive estimator, the naive MOM estimator based on 62,,,., and the empirical SIMEX esti-

mator. For baseline frequency, the estimates are equal to 0.476, 0.529 and 0.537, which are

all smaller than those given by our proposed methods.
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We interpret our findings based on the proposed MOM estimator, in light of its better
performance over the SUBEX as suggested by our simulation. The results suggest that both
race and baseline frequency are significant at the 0.01 level. Because the signs for these
estimated coefficients are positive, we conclude that African Americans and heavy baseline
cocaine user tend to have high (log) CCQ-Brief scores three/six months after treatment (95%
confidence intervals 0.1116 to 0.5027 for race and 0.1523 to 0.9782 for baseline frequency).
In addition, the number of current anxiety disorders is significant at the 0.10 level but not
at the 0.05 level. Thus, the (log) CCQ-Brief scores appear to increase with the number of
current anxiety disorders. The remaining variables are all insignificant. In particular, the
(log) CCQ-Brief scores are not significantly different at days 90 and 180 after treatment.

We have conducted additional analysis by defining the baseline average daily use amount
as the error-prone variable but have found it insignificant at the 0.10 level; this is likely
due to the significantly larger measurement error associated with this particular summary
statistic. Among the remaining variables, Race still remains significant at the 0.01 level but
all the others are not significant at the 0.10 level. We have also repeated our analysis by
using the (log) CCQ-Brief score collected at day 14 as the response variable. In this case,

no variable is significant at the 0.10 level.

5.3 Analysis of first relapse time

We model the time to first relapse data by the proportional hazard model given in (10). We
use data from 79 subjects participating in the second study; data for the remaining 4 subjects
in the same study were completely missing. The first relapse time was determined from the
self-report posttreatment cocaine use trajectories. To ensure the quality of the self-report
data, urine samples were tested on days 14, 30, 90 and 180 to check whether a patient had
lied. As a result, the relapse time data are partially interval-censored. If a positive urine

test was obtained before the self-report relapse time, then the true relapse time was interval
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censored between the first positive urine sample test date and the previous negative test date
(or the discharge date if no previous test was available). Since data are less reliable after
the first 90 days, any relapse time greater than 90 is considered as right censored. This data
structure is similar to that considered in the simulation study in Section 4.2: about 50.6%
of the subjects have observed relapse time, 31.6% are interval censored and 17.8% are right
censored.

We use the baseline average daily use amount as the error-prone variable. Table 4 lists
the estimated regression coefficients and their standard errors from the proposed SUBEX
and the empirical SIMEX estimators. As we can see from the table, both age and cocaine
use years have a significant effect on the time to first relapse. Specifically, cocaine use years
has a positive effect on the hazard function, meaning that a longer cocaine use history results
in a quicker relapse. The variable, age, on the other hand, has a negative effect. This means
that among users with the same length of cocaine use history, those who are older tend to
remain abstinent for a longer period of time.

For the baseline average daily use amount, the naive estimator surprisingly shows a
significant negative effect on the hazard function. A similar result was also reported in Sinha
et al. (2006). However, this is very counterintuitive, since it implies a longer time to relapse
for those who used more during the baseline period. The empirical SIMEX estimator yields
results very similar to the naive estimator and hence fails to correct for the bias in this case.
In contrast, our proposed SUBEX estimators yield estimates that are much closer to zero
than the naive and the empirical SIMEX estimators; SUBEXy, which accounts for within-
trajectory dependence, even gives an insignificant positive estimate. Both estimators suggest
that the effect due to baseline average daily use amount is insignificant after accounting for

effects due to the other variables. This is intuitively more reasonable.
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6 Discussion

In many scientific problems in particular substance use research, it is common to have sum-
mary statistics derived from some stochastic processes as covariates. The cocaine dependence
treatment dataset considered in this paper is one example of such problems. The estimation
error in these summary statistics causes estimation bias in the regression coefficients like in
classical measurement error problems. As we have illustrated through simulation and data
analysis, the estimated coefficients can be severely attenuated and can even result in wrong
inference, if the measurement error is not properly accounted for.

The fact that the summary statistics are derived from stochastic processes presents new
challenges. Unlike in classical measurement error problems, the error in the summary statis-
tics is heteroscedastic and depends on individual stochastic processes. To correct for the
bias in the estimators, we propose a new method-of-moment approach for linear models and
a subsampling extrapolation method that is generally applicable to both linear and non-
linear models. The methods we have proposed are based on novel subsampling techniques
that take into account of the correlation within individual processes, and have shown good
performance in both simulation and real data analysis.

It is important to note that there could be significant bias (typically underreporting)
associated with self-report cocaine use data. The TLFB is no exception to that limitation.
Other than the TLFB, cocaine use in addicted individuals has been measured in other ways
such as using toxicology analysis of cocaine metabolites in urine, blood or hair samples.
Indeed all patients included in this study were tested with urine samples upon admission
to the inpatient treatment unit. However, detection of cocaine in blood or urine samples
is limited to 2-3 days since use and hence requires multiple sampling in an ongoing basis
to evaluate pattern of drug use over a defined period. As such, it cannot be used to assess
pattern of use in the recent past such as would be needed as patients enter a treatment

facility. While hair samples can provide presence or absence of drug over a 90 day period,
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they do not provide any information on when a subject used drugs and at what frequency.
Furthermore, hair samples are not reliable for all types of hair and often it is problematic to
detect drug in high curly or wavy hair. Cost of hair sample testing is also high and hence
it presents a feasibility challenge. Finally, new daily self-report methods such as ecological
momentary assessment, which involves moment-to-moment monitoring of daily drug use with
electronic diaries while patients are in the real world, has also been used recently (Epstein
and Preston, 2010; Preston et al., 2009). However, this method has been used in community
and outpatient treatment samples of drug abusers and it would be difficult to implement to
assess recent drug use pattern when subjects are entering a treatment facility.

Given the limitations with other data collection methods as being explained above, we
relied on structured interview techniques (i.e., the TLFB) to obtain self-report baseline
cocaine uses in our study. To ensure data quality, we followed strictly the well-developed
TLFB interview procedures and also took additional measures. For example, all research
assistants who collected the data had been trained by PhD level psychologists and each one
of them had already had over three-year experience in administration of similar assessments;
they were also closely supervised when conducting these interviews. Moreover, all subjects
had been informed upfront that all data would be only coded by a number and be kept
strictly confidential, and that the federal certificate of confidentiality granted to this study
would protect the research information from being legally summoned by the courts. Hence
there would be no legal consequences to them by providing the most honest responses. They
were also informed that they would be removed from the study if they were found out not
being truthful about their drug use. All interviews were conducted in a quiet and comfortable
testing room, and excellent rapport was established with subjects.

With the aforementioned additional measures we believe that we have minimized the
chance of underreporting, however this problem cannot be completely eliminated. The effect

of measurement error due to self report has also been studied in other settings, most notably
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in nutritional epidemiology. For example, Kipnis et al. (1999) modeled the self-report
dietary intake by Q;; = ag + a1 T} + r; + €5, where @Q);; is the jth replicate of the self-report
dietary intake from the ¢th subject, T; is the true intake, r; is a subject-specific bias and
€;; is a random error. Different from the classical measurement error models, the model
proposed by Kipnis et al. allows a subject-specific bias, r;, which is modeled as a random
effect with distribution N(0,02) for some o2 > 0. They argued that this subject-specific
bias if ignored would cause further attenuation to the regression coefficients and make them
even less significant. We expect a similar phenomenon to happen in our setting as well if
there is serious underreporting. To account for the self-report error, Kipnis et al. assumed
that a reference instrument was available and could be modeled as Fj; = po + 15 + s; + w45,
where s; is another subject-specific random effect possibly correlated with r; and u;; is a
random error in the instrument variable. As pointed out by the authors, even with the
additional information in Fj;, this model is complicated and some of the parameters may
have identifiability issues. Neither such a reference instrument nor replicates of the baseline
trajectories are available in our data. Pushing for additional baseline measurements is key

in order to better account for the potential bias due to underreporting for substance use

research. However, this is beyond the scope of this paper.

7 Supplementary Materials

Theory for SUBEX and simulation: Asymptotic theory and variance estimation for the

proposed SUBEX estimator and some additional simulation results. (pdf file)
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Figure 1: Plot (a): Percentage of individuals reporting cocaine use by day; the solid line
shows the daily percentage, the dotted lines are the pointwise 95% confidence envelope,
the horizontal dashed line is the average daily percentage. Plot (b): Individual baseline
cocaine use trajectories for four selected subjects, where each symbol on a given day signifies
a cocaine use that day. The vertical dashed lines in both plots show the selected baseline

period.
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Figure 2: Plots (a) and (b) show plots of g;(r) and of &2 (p) vs X(p) for the four individual

trajectories given in Figure 1 (b). The symbols in each plot match those in Figure 1 (b).

0.6

Figure 3: Plot of the (estimated) first, second and third principal components of g;(r),

denoted by the dotted, solid and dashed lines, respectively.
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(a) Baseline frequency (b) Baseline average daily use amount
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Figure 4: Histograms of the four summary statistics derived from the baseline cocaine use

trajectories.

39



15

14r

13F

11r

0.9
3

L L L L L L L L
32 34 36 38 4 42 44 46 48
X() x10™

Figure 5: Scatter plot of X (p) and Y (p) for p = k/7 where k = 30,31, --- ,40 and 7 = 80.
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Table 1: Simulation results for linear model. The values in the parenthesis are the mean
of the estimated standard errors (SEs). Relative efficiency (Rel. Eff.) is defined as the
ratio between the MSE of the naive estimator and that of the estimator under consideration.

MOM; and MOM, are the naive and proposed method-of-moment methods, respectively.

Scenario 1: Poisson process, 7 = 10

0, 0o
Bias SE Rel. Eff. Bias SE Rel. Eff.
Naive -.3710 .0686 0075 .0893
MOM; 0134 .1590 5.6190 0086 .0973 .8406
MOM, 0163 .1765 4.5517 0086 .0975 8376
SUBEX; -.0999 .1317 (.1334) 5.2228 0052 .1255 (.1308) 5084
SUBEX, -.1073 .1346 (.1317) 4.8206 0063 .1246 (.1297) 5158

SIMEX ~ -.1348 .0989 (.0896) 5.0983 0075 .0929 (.0913) 9237

Scenario 2: Poisson cluster process

0., =10 0, 7 =20
Bias SE Rel. Eff. Bias SE Rel. Eff.
Naive -.6678 .0616 -.5163 .0670
MOM; -.4205 .1106 2.3798 -.1388 .1519 6.4177
MOM, -.1869 .2974 3.6586 -.1014 1551 7.9226

SUBEX; -.4417 .1245 (.1227)  2.1361  -.2263 .1508 (.1463)  3.6700
SUBEX, -.4009 .1544 (.1556) 24387  -.1997 .1750 (.1692)  3.8524

SIMEX  -.5189 .0831 (.0802) 1.6292 -.2959 .0958 (.0913) 2.8029
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Table 2: Simulation results in the interval-censored failure time data case. Only the estima-
tion results on #, are presented. The values in the parenthesis are the mean estimated SE.
Relative efficiency (Rel. Eff.) is defined as the ratio between the MSE of the naive estimator

and that of the estimator under consideration.

Poisson, 7 = 10, n = 200 Poisson cluster, 7 = 10, n = 200
Bias SE Rel. Eff. Bias SE Rel. Eff.
No Error .0103 .1471 (.1469) 0053 1480 (.1462)
Naive -4273 1168 (.1129) -.7225 .0890 (.0800)
SUBEX; -.1424 2787 (.2587) 2.0113 -.5073 2176 (.2016)  1.7402
SUBEX, -.1486 .2789 (.2570) 1.9709 -.4687 .2768 (.2590)  1.7908
SIMEX  -.1674 .1830 (.1732)  3.1990 -.5931 1360 (.1237)  1.4318
Poisson cluster, 7 = 20, n = 200 Poisson cluster, 7 = 20, n = 400
Bias SE Rel. Eff. Bias SE Rel. Eff.
No Error  .0186 .1545 (.1465) .0081 .1041 (.1015)
Naive -.5825 .1067 (.0971) -.5923 .0730 (.0695)
SUBEX; -.2967 .2717 (.2602) 2.1715 -.3007 .2001 (.1843)  2.7329
SUBEX, -.2698 .3223 (.3052)  1.9915 -.2713 2351 (.2178)  2.7691
SIMEX ~ -3750 .1712 (.1558)  2.0654 -.3871 1193 (.1107)  2.1713

42




Table 3: Results for the analysis of the CCQ-Brief score data. The table shows the es-

timated regression coefficients (standard errors) of the naive estimator (NAIVE) and the

bias-corrected estimators from the naive method-of-moment method (MOM; ), the empirical

SIMEX, the proposed method-of-moment method (MOM,), the two proposed estimators

based on subsampling extrapolation (SUBEX; SUBEX,). cocyrs and curanxs below denote

the numbers of cocaine use years and of current anxiety symptoms at baseline interview,

respectively.

NAIVE MOM; SIMEX MOM, SUBEX; SUBEX,
frequency | .476 (.176) .529 (.195)  .537 (.223) | .565 (.211) .577 (.204) .662 (.257)
indicator | -.046 (.062) -.044 (.062) -.049 (.064) | -.043 (.062) -.040 (.064) -.033 (.065)
gender -.108 (.093) -.107 (.093) -.112 (.091) | -.106 (.093) -.096 (.092) -.083 (.095)
race 305 (.099)  .306 (.100)  .311 (.101) | .307 (.100) .289 (.100) .271 (.103)
age -.088 (.081) -.096 (.082) -.087 (.081) | -.101 (.083) -.095 (.081) -.101 (.083)
CoCyTs -.013 (.087) -.011 (.087) -.019 (.085) | -.010 (.088) -.015 (.083) -.013 (.086)
curanxs 139 (.085)  .142 (.085)  .134 (.079) | .145 (.086) .163 (.084) .178 (.086)
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Table 4: Results for the analysis of the time to first relapse data. The table shows the esti-
mated regression coefficients (standard errors) of the naive estimator (NAIVE), the empiri-
cal SIMEX, and the proposed two estimators based on subsampling extrapolation (SUBEX;
SUBEX3). cocyrs, curanxs and cocuse below denote the number of cocaine use years, the
number of current anxiety symptoms at baseline interview and the baseline average daily

use amount, respectively.

NAIVE SIMEX SUBEX; SUBEX,

cocuse -.203 (.

gender | -.377 (.

age -.053 (.

coCyTs 110 (.

(.081) (.096) (.095) (-2006)
(-299) (-301) (:319) (:347)
race | -.196 (.274) -.182 (.277) | -.187 (.272) -.162 (.276)
(:024) (.024) (.024) (-024)
(:028) (.028) (.028) (:029)
(-221) (.224) (:218) (:232)

curanxs | .279 (.
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