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ABSTRACT. In this article, we describe estimation and prediction methods for nonlinear modeling of
forest growth variables that are subject to nested sources of variability. The multilevel nonlinear mixed-
effects models that we consider are useful for a variety of forestry applications, but we concentrate
on the problem of estimating, and making projections from, growth curves for tree height based on
longitudinal data grouped by location. Wolfinger and Lin consider estimating equation approaches to
fitting more general nonlinear mixed-effects models, and we adapt their zero-expansion estimating
equations to the multilevel case. We develop methods of prediction based on these models that allow
predictions of future height both for individual trees and for plot averages. We illustrate these methods
by fitting and making predictions from a Chapman-Richards type growth model for tree height data from
a loblolly pine spacing study in Putnam County, Georgia. The mean and variance of prediction errors
based on our methods are examined by means of cross-validation. We provide a more complete and
unified presentation of linearization-based estimation and prediction based on multilevel nonlinear
mixed-effects models than has previously appeared in the forestry literature, and we argue that these
models lead to substantial advantages in growth and yield prediction over traditional forestry methods.
For. Sci. 47(3):311-321.
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to make accurate future predictions of the mean

values of growth variables based on repeated mea-
surements through time made on units that are grouped
hierarchically. For example, many forest management deci-
sions are based on yield projectionsthat crucially depend on
projections of plot level averages of tree height, basal area,
and other morphometric variables. In the forestry literature,
Lappi and Bailey (1988) have described the use of one
example of anonlinear mixed effects growth curve model to
predict dominant tree height both at the plot level and at the
individual treelevel. Intheir model, random effectsfor plots,
and for trees nested within plots enter into a Chapman-
Richards-type growth model in a linear manner. Although
not originally described in these terms, their model is an
exampleof amulti-level nonlinear mixed effectsmodel (ML-
NLMM), because random effects are included in the model

I OR MANY PURPOSES IN FORESTRY, it is useful to be able

corresponding to units of heterogeneity (plotsand trees) that
have a hierarchical structure with multiple levels.

Here we consider a more genera version of Lappi and
Bailey’s model in which multilevel random effects are al-
lowed to enter into the model nonlinearly. We describe
methods of fitting such models based on first-order Taylor
series linearization techniques that have been developed
recently in the rapidly expanding statistical literature on
nonlinear mixed-effects models (NLMMs), adapting these
methodsto the special challenges of the multilevel case. We
also devel op prediction methods based on these model s that
allow predictionstobemadelocally at eachlevel inthemodel
(e.g., to particular trees or plots of interest), as well as
globally acrossthe entire population represented in the data.
When measurements are available on the units of interest
(perhaps from ages prior to the target age), these predictors
make use of this relevant information and thus can be ex-
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pected to outperform some other methods of prediction that
haveappearedintheliteratureon NLMMsappliedtoforestry
problems (e.g., Gregoire and Schabenberger 1996a, 1996b).

The methods we describe apply quite generally to
nonlinear modeling of responsesthat are subject to nested
sources of variability. However, we will concentrate on
the problem of estimating, and making projections from,
growth curves for tree height based on longitudinal data
(repeated measures through time) that are grouped by
location (typically by plots, but possibly by plots within
stands, etc.). In the Example section below, we illustrate
thesemethodsby fitting Chapman-Richardsgrowth curves
to tree height data from an old-field loblolly pine (Pinus
taeda L.) spacing study conducted in Putnam County,
Georgia, by the D.B. Warnell School of Forest Resources,
University of Georgia (Pienaar and Shiver 1993). Our
goals are twofold: (1) to deliver the state-of-the-art in
nonlinear mixed-effectsmodeling methodol ogy to aforest
biometricsaudienceinthe context of animportant forestry
application of thesemodels; and (2) toillustratethe advan-
tages of thisapproach over traditional methodsfor growth
and yield modeling based on site-index curves.

Background

Traditionally, site index curves have been used to
predict average height at an age of interest (age at harvest,
for example). In this approach, one attempts to select an
appropriate growth curve for the site of interest from a
family of curves showing height asafunction of age. This
is done by matching the growth pattern of the site to a
particular curve in the family by finding the curve that, at
an inventory age, passes through the average (usually
dominant) height observed onthesiteat that age. Thus, the
curve from which predictions are madeisfit to the data at
hand based on the mean response at one point in time. As
Garcia put it, “The site-index concept... depends on the
assumption that, for agiven speciesand region, variations
in the height-growth pattern can be described by a one-
parameter family of curves’ (Garcia 1983, p. 1061).

The site-index approach is quite old, and through the
years many methods of constructing site-index curves
have been proposed. These methods are reviewed in Clut-
ter et al. (1983, §2.4); see also Monserud (1984) and
references given therein.

In the site-index approach to height prediction, the
average height over age curve is localized to the site of
interest by forcing it through the average height of the site
attheindex age. Beginning with Bailey and Clutter (1974),
another approach emerged, in which localization of the
height over age curve wasaccomplished by including both
local (site-specific) and global parameters. This approach
has evolved into mixed-effects growth model sthrough the
recognition that site-specific “parameters’ are more ap-
propriately thought of as random variables because of
their correspondence with sites that can be thought of as
randomly selected from, or otherwise representative of, a
population of growing locations. Following Bailey and
Clutter (1974), the mixed-effects modeling approach to
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growth and yield has been developed by a number of
authors including Garcia (1983); Biging (1985); Lappi
and Bailey (1988); Tait, et al. (1988); Lappi (1991, 1997);
Walters, et al. (1991); Bégin and Schiitz (1994); Gregoire,
et al. (1995); Candy (1997); Duplat and Tran-Ha (1997);
and Lappi and Malinen (1997).

Multilevel Linear Mixed Models

Linear mixed models have been reviewed in the for-
estry literature by Gregoire et al. (1995). The multilevel
case has been covered by several authors in a general
context (e.g., Longford 1993, Chap. 6, Goldstein 1995),
but we review these models here for completeness and to
lay the conceptual and notational groundwork for analo-
gous nonlinear models. Here we will consider the three-
level case. Extension to more levels is straightforward,
although tedious notationally. Suppose we have multiple
observations on trees within plots. We can think of the
repeated observations as occurring on level one. These
observations are nested within the level two units, the
trees, which are nested within the level three units, the
plots. Suppose that the kth measurement on the jth tree
within the ith plot conforms to the linear mixed model

_ T T T
Yijk = XijB + Zo,iikb2 +Z3ijkPsi *Eijk D

wherex;;, isap x 1 vector of covariatesassociated with the
fixed ef+ects B, Zyjik is anr x1 vector of covariates
associated with ran&om effects b2I operating at the tree
level (level 2), Z3jik is an s x 1 vector of covariates
associated with ranéom effects b3| operating at the plot
level (level 3), and Eijk isarandom error term assumed to
have mean 0 and varlance(p The random effects, b, ; i and
b3 i» are assumed to be independent of the error term and
one another, each with mean 0 and variances @3 ,, @35 at
thetreeand plot levels, respectively. CovanaIeszml KWwith
random effects at level mare usually taken to be a subset
of the covariates in Xjjk- These will often be indicator
variables for the level m units. No such restrictions are
necessary, though, in what follows. We will assume that
there are n, plots, n,; trees within the ith plot, n,. trees
overal, ng; jj Measurements on the jth tree within the ith
plot, Ny i measurementson all treeswithintheith plot, and
n=n, measurementsoverall.

Tofix notation and to understand the structure of the data,
consider the simple case where we have ny = 3 plots, Ny =2
treeswithin each plot, and Ny = 4 measurements per tree. A
simple model of the form given by (1) includes n,,=6tree
level, and ny = 3 plot-level random effects as follows:

Yik =XiB+ i =1 ) =Dbyyy +{i =1 =2b, 1 +...
+{i =3,j =2by 3 + i =Bby; +{i =2bs,
+I{i =3 by 5 +&,

Wherevar(b2 =0 fordli,j, var(b3|) @23 forali,and

I{C} isthei ndlcar[or variabletaking theval ue 1 when condi-
tion Cistrue, and O otherwise.



Under the assumption of independence acrossthe highest
level units (plots), it isuseful to rewritethis model in matrix
notation in terms of the vector-valued response

Yi 2(34111%121---’%2_”11‘“ )T
for theith plot. In general, this model representation is
Yi =XiB+Zy by +Z3b3; +e;, 2

whereX;isn, ; x pwithrowsformedfromthe x,Jks Z,jisany;,
Xy, matnx with columnsformed from the coefficientson the
tree-level random effects(theb, IJs) and Zg; |san1 o X SMatrix
with columns formed from the coefficients on the plot-level
random effects(the b3 i Js) Inthe examplegiven above, wehave
only randominterceptsat thetreeand plotlevels, sor =s=1and
Weha\/eb2I (b2 i1 b2|2) b3| b3|, ascaar; Zy; is8x2with
columns formed from the indicator variables I{i =i, j = 1}, I{i
=i,j =2} above; andZ 5; isan8x 1 vector of onescorresponding
to I{i =i}, the coeff|C|ent on b3| Here, var(b2 ) = 02l , and
var(b3|) (pZ3 wherel repr@entstheaxaldentlty matrix. A
more succinct repr@entan onfor (2) is

yl =XiB +Zibi +€i, (3)
where
Zi =(22Yi,Z3’i) and b; (bzl, ) .
Based on (2) we see that
var(y;) = <P(ZzZz,iZZ,i + 2323&2; +ln)

forthiscaseinwhich b2,ij’ b3’i arescalar,forali,j.Ingeneral,

var(y;) =eZ;5Zl +d,

based on (3), where @ = var(b;) is the block-diagonal
matrix with diagonal elementsz, repeated Ny timesdown
thediagonal, 25 forming the bottom-right block, and zeros
elsewhere.

The random effects’ variance-covariance matrices are
assumed to be known up to aqg x 1 parameter 8, so we will
often write 2; = Z,(0), to emphasize this parameterization.
Often, both b2I and bs; are assumed to have uncorrelated
components Wlth distinct variances, so that g=r + sand 6
contains the diagonal elements of Z, and Z,. This case is
commonly referred to as avariance components model (e.g.,
Searleet al. 1992, 84.6). Another important caseiswhen the
elements of b2I and b3I are allowed to covary in ageneral
way sothat 2, and 2z arecompletely unstructured. Thiscase
can be parameterized in a number of ways (Pinheiro and
Bates 1996), but a simple choice that we adopt hereisfor 0
toconsist of theq=r(r + 1)/2+s(s+ 1)/2 elementsintheupper
triangles of =, and 2.

Multilevel Nonlinear Mixed Models

Growth curves for trees are typically sigmoidal, so that
linear models such as (3) are seldom adequate. Instead,

nonlinear growth modelsarecommonly usedinforestry. The
ML-NLMM considered here has the general form

i=1,...m,, (4)

wheref isanonlinear function with arguments 3, b;, X;, and
Z; defined as in the previous section, and &, Sr@ are
independent error terms each distributed as N(O,ql ).

When computationally feasible, an attractive approach
to fitting model (4) is maximum likelihood. According to
model (4), conditional on the random effects vector b, y;
| b; ~ N{f, B, b;,X;, Z;,), @}, so that the (marginal)
likelihood for y; can be obtained by integrating a normal
density with respect to the distribution of the random
effects. Maximization of the resulting likelihood function
is complicated by the presence of a multidimensional
integral in thisfunction. For simple random effects struc-
tures, the necessary integration can be done by Gaussian
guadrature, or some other numerical technique without
too much difficulty. In particular, for the two-level case
(e.g., data from several trees within a single plot) SAS's
PROC NLMIXED (Wolfinger 1999) can perform maxi-
mum likelihood estimation for models with a small num-
ber of correlated random effects that are specific to the
level two units (e.g., tree-specific random effects). How-
ever, for more than two or three random effects, or when
random effects are crossed or nested (asin the three-level
and higher ML-NLMM), the computational burden of
evaluating the integral numerically becomes too great.

Variousauthorshave proposed simul ation-based meth-
odsto approximatethe MLEsin generalized linear mixed-
effects models (GLMMs) with complex random effects
structures. Examples of such methods include various
Monte Carloversionsof theEM algorithm (e.g., McCulloch
1992, 1997, Booth and Hobert 1999), Monte Carlo New-
ton-Raphson (McCulloch 1997), simulated maximum like-
lihood (e.g., Geyer and Thompson 1992, Gelfand and
Karlin 1993), and variousimportance sampling algorithms
(e.g., Zhang 1996, Kuk 1999). In principle, these methods
can beadaptedtotheML-NLMM context, but thisremains
to be done. Furthermore, these methods are typically
difficult to implement and too expensive computationally
to be practical tools for routine use.

Thereareseveral closely related alternativesto full ML
estimation in the NLMM that are all based on first order
Taylor linearization of the model. Reviews of the exten-
sive literature on linearization methods are available in
several sources (Davidian and Giltinan 1995, Chap. 6,
Schabenberger and Gregoire 1996, V onesh and Chinchilli
1997, Chap. 7-9, Wolfinger and Lin 1997), so we do not
repeat that material here except as necessary to place our
approach in proper context. The main distinctionisin the
point of expansion for the Taylor series linearization that
is an element of all of these methods. Expansion is done
either around the expected value of the vector of random
effects (which is 0), or around some estimate of the
random effectsvector, usually the so-called empirical best
linear unbiased predictor (EBLUP, see Robinson 1991).

yi =f(B,b;, XZ;) +¢,
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The approach we adopt here is to adapt the zero-expansion
Taylor series method of Wolfinger and Lin (1997) to produce
estimating equations appropriate to the ML-NLMM. We then
use those estimating equations to fit, and produce predictions
from, aspecificexampleof theML-NLMM based onaChapman-
Richardsgrowth model. Thezero-expansion method that weuse
istermed quasi-extended | east squar esby V oneshand Chinchilli
(1997, 89.2.5), and is equivaent to the extended generalized
estimating equation (GEE) methodology of Hall and Severini
(1998) and Hall (2001) with first-order approximations used in
place of thetrue margina mean and variance-covariance matrix
of y.. The GEE connection was first explored by Zeger, et al.
(1988) in a GLMM context, but has since been discussed by
several authors in both the GLMM and NLMM settings (e.g.,
Schabenberger 1994, Schabenberger and Gregoire 1996). Fur-
ther connectionswiththeexigtingliteraturearemadeinDavidian
and Giltinan (1995, §6.2), Wolfinger and Lin (1997), and
Vonesh and Chinchilli (1997, §7.4.2.i and §8.2, and Chap. 9).

Estimation

Based on a first-order Taylor expansion around the ran-
dom effects’ mean, b; = 0, model (4) can be linearized
through the approximation

Yi if(B,O,Xi,Zi)‘*Zz,ibz,i +23,ib3,i tE;

—f ~ 5
=f(B,0,X;,Z;) +Zb; +¢

where Z, :(22,i123,i) and

= of (B.b;, X;,Z;)
Z =Tl , m:2,3
™ dbgy, ‘bi =0
Based on (5) we have

E(y;) =f(B.0.X;.Z;)
Var(yi)-qunlvi +Z, Zi(e)ZiT} =Vi(9 ©

whered= (87, @)T. Utilizing these approximationsin place of
the true marginal moments, the extended GEEs are

N
> XV @) ~(B.0.XiZ)) =0, )
1=1
where
o Of(B.b;,Xi,2:)
A
and

22

1]
1=1

i - 3.0,z v vy, - 1.0 %,2,)
B 09

_tra\/i_l%%: 0, j=1..,q+1

(8)
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for B and d, respectively (cf. Wolfinger and Lin 1997,
equations 8 and 15).

In linear mixed-effects models, an often-preferred alter-
native to maximum likelihood estimation is the method of
restricted maximum likelihood (REML) estimation (see
Harville 1977, and references therein). The main advantage
to REML estimation is that, unlike ML, it produces the
standard analysis of variance-based quadratic unbiased esti-
mators of variance componentsin the balanced data cases of
thelinear mixed-effectsmodel for which such estimatorsare
available. That is, the REML approach produces a bias
correction or degree of freedom adjustment that takes into
accountinformationlost in having to estimatethe el ementsof
B, thefixed effects parametersinthe model. For example, the
REML estimator of theerror variancein the simple balanced
one-way ANOVA model istheusual one, SS-/ (n—p) where
SS: isthe within-group, or error, sum of squares, and n and
p arethetotal sample size and dimension of 3, respectively.
In contrast, the ML estimator is S5 / n. In the nonlinear
context of this paper, a REML-type alternative to (8) is
available by replacing v, in the trace term with

JOn Ot
P =V -V %Z X;rvi_lxié XV,
=1

Estimation proceeds by iteratively solving (7) and (8),
with Equation (8) modified asdescribed abovefor theREML -
type version of the procedure. Consistent estimators of the
asymptotic variance-covariance matrix of the resulting pa-
rameter estimators are given in Hall (2001). These expres-
sions are based on the sandwich variance estimator of Royall
(1986) and have the advantage of being robust to
misspecification of the second and higher moment structure
inthe estimating equations. Becausethemarginal varianceis
approximated by (6) and to guard against possible
mi sspecification of therandom effectsstructureinthemodel,
such robust variance estimators are preferrable to the model -
based estimators that are output by commonly used NLMM
softwaresuch asnime(Pinheiro and Bates2000) andthe SAS
macro NLINMIX (Littell, et al. 1996).

At convergence, a predictor for the random effectsb;, i =
1,...,n, can be obtained from the EBLUP of the linearized
model. This EBLUP predictor is given by

by = 3,270 Xy, ~1(B.0.X,.2,), ©)

where the hats indicate that the corresponding quantities are
evaluated at the final parameter estimates. The predictor (9)
has links to several other areas of statistical methodology,
including empirical Bayes methods, Kalman filtering, and
Kriging (see Robinson 1991 for details).

The special case of the multilevel version of the NLMM
results in a clustered data structure in which the vectors of
observations at the highest level (plot) each have correlated
elements, but areindependent from one plot to another. This
allows us to write the estimating functions as sums of inde-
pendent terms in contrast to the general formulation of



Wolfinger and Lin (1997). An additional special feature of
themultilevel caseisthat, although solution of the estimating
equationsrequiresustoinvert V, for eachi, this operationiis
computationally less demanding than inverting a
N g X Nig variance-covariance matrix of general form.
The nested structure of the random effectsgivesV, aparticu-
lar structurethat can betaken advantage of for computational
savings in its inversion. This and other opportunities for
computational shortcuts carry over unchanged from the mul-
tilevel linear mixed model case. For extensive details see
Longford (1993, Chap. 6).

Prediction

For purposes of forest management, yield predictions are
important. Prediction of the average height of a plot, the
height of a particular tree, etc., can be based on nonlinear
prediction theory (Valliant 1985). In this section we present
the prediction technique in its general form. Prediction of a
plot averageheight at agivenage, or anindividual treeheight,
occursasaspecial case. Throughout, we assumethat predic-
tionsaredesired for future observationsthat are not necessar-
ily independent of those already observed. That is, our
predictor appliesfor units (e.g., trees or plots) on which past
measurements are available or for which measurements are
available on different same-level units within a common
higher-level unit (e.g., wewant to predict the height of treeat
age 20 in the presence of height data on other trees at age 20
from the same plot). In such cases, the correlation between
theobservationto be predicted and the observationsavail able
provides an opportunity toimprove upon the predictor advo-
cated by Gregoire and Schabenberger (1996a, 1996b) in an
NLMM context. For an approach to prediction similar to
ours, see Vonesh and Chinchilli (1997, §7.4.5).

Let

y=(yiy)'
be the combined vector of observed sample units (s for

sample) and unobserved nonsample units (indicated by ther
subscript). Let

X=(X&LxXNDT z=@28z])T
be matrices of fixed effects covariates and random effects
covariates, respectively, partitioned as is y into portions
corresponding to sample and nonsample measurements. L et

W denotethecovariance matrix for the combined sampleand
nonsampl eresponsevector with the appropriate partitioning:

DNy Wq O

W =
HNrs WrrH

For the results of this section, W isinitially assumed to be
known.
Let

o =(Bg.bg)"

denote the combined vector of the true fixed effects 3, and
truerandomeffectsb,. By “true” random effectswemeanthe

realized values of the random vector b for the sampled trees
and plots. According to afirst order linearization about b
similar to (5),

E(Y) =f(a0,X,2) ={fs(@0, X5, Z9)" f, @0, X, Z,)}

The best (minimum variance) linear unbiased predictor
(BLUP) of y, based on the linearized model is

)A’ro = fr(CXOer 'Zr) +WrsW;s1{ys _fs(ao!xs'zs)} .(10)

Because aj, is unknown, this predictor is unavailable. In-
stead, following Valliant (1985), we will consider the “em-
pirical BLUP" y, obtained by substituting a for agyin(10),
leading to

9I’ :fr(&!xrizr)-"wrsws_s{ys _fS(&’XSYZS)}! (11)

where @ = (B",b") isthezero-expansion solution described
above.

As described in Valliant (1985), y, is asymptotically
normally distributed, so approximateinference can be based
onthenormal distribution. Standard errorsfor prediction can
be obtained from the sample estimator of the approximate
prediction variance of y, . The prediction variance can be
approximated by making use of several first-order approxi-
mations. Thederivation of, and expressionsfor, thisvariance
are mathematically tedious, so they are omitted here. These
and other details of the methodology of this article can be
foundinHall and Bailey (2000). Althoughthepredictor (11),
and its approximate variance, are derived assuming aknown
covariance matrix W, in practice such knowledge is not
available. Instead, the sample version W(Q) must beusedin
place of W(a) and estimators fp and ¥ used to obtain
predictions and standard errors for prediction intervals.

Example

In the southeastern United States, loblolly pine formsthe
largest component of thetimber resource, much of it consist-
ing of plantations grown under intensive management prac-
tices. To date, there has been limited study of height growth
in this population. One relevant study is the D.B. Warnell
School of Forest Resources' Old-field Loblolly Pine Spacing
Study currently ongoingintheB.F. Grant Memorial Forestin
Putnam County, Georgia, inthe Piedmont region of the state.
In this study, herbaceous competition was controlled during
the first three growing seasons using mowing and herbicide
application. The 24 0.081 ha plots on the study site were
randomized to six stocking densities of 247, 494, 988, 1483,
1977, and 2471 trees’hainabalanced (four plotsper density),
completely randomized design. Currently, repeated mea-
surementsof the heightsof all treesin 0.040 ha, interior plots
within each of the 24 origina plots are available for ages 3,
5,8, 10, 12, and 14 yr. Further details of the study and results
following 8 yr of growth are reported by Pienaar and Shiver
(1993).

As pointed out by these authors, “height growth curves
that would beimplied by existing siteindex equationsfor old-
field loblolly plantationsin the Piedmont are not likely to be
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appropriate for plantations such as these with accelerated
early height growth” (Pienaar and Shiver 1993, p. 193-194).
I nstead thereisaneed for growth curvesdevel oped from data
like those from the B.F. Grant Study, which come from the
population of interest. In addition, it is highly desirable that
the fitted height growth over age relationship generates
predictionsof future height that are asprecise aspossibleand
whose precision can be quantified. These considerations
motivatethedevelopment of aML-NLMM based ontheB.F.
Grant Study data.

Another reasonthat the B.F. Grant Study datawerechosen
toillustrate the methods of thisarticleisthat dataon al trees
in each measurement plot are available. In typical applica-
tions, only a subset of treesin each plot will be remeasured,;
so for realismwedevel op our model bel ow based on asubset
of the data consisting of arandom sample of 30% of thetrees
in each plot (365 sampled trees, intotal). However, accessto
the complete data on all treeswill allow usto compare plot-
average predictions generated from the subset with corre-
sponding true values.

For Yijk the height of the jth treein theith plot at the kth
measurement occasion, we fit amodel of the form

Yiik = Vai{l —exp(-yza0e)} ™ + g (12)
where

Yiij = By + Botph +b£1|)1 + (ﬁ)
y2| = [33 + B4tph

and

Yaj = Bs + Bstphy +0§3) +b{?.

In this model, all three parameters of a Chapman-Richards
type growth model are assumed to depend linearly on the
covariate, tph, = trees per hectare/100 in plot i. In addition,
both the asymptote parameter, y,;, and the shape parameter,
Y3, are allowed to vary from plot to plot and from treeto tree
through dependencies on random tree effects, b{) and b{7),
and random plot effects, bf) and b{?. I addition to normal
errors, we assume bivariate normal distributionsfor both the
tree-specific and plot-specific random effects as follows:

<1>D oo )
%1) 19N, (0,%,), E;EZ) 9IN,(0, ¢%3),  § YN, 9.

The specification of the Chapman-Richards parameters
Y1, Yor Y3 in model (12) deserves some discussion. Conceiv-
ably, each parameter could be allowed to depend onavailable
covariatesin acomplex manner, and all parameters could be
allowedtovary acrosshboth plotsand treesthrough dependen-
cies on both plot-specific and tree-specific random effects.
However, there are both statistical and practical reasons to
limit the complexity of the model. From a statistical stand-
point, the inclusion of complex parametric functions of
covariates and nested random effectsin each of y;, y,, and y3
will typically lead to nonidentifiability and ill-conditioning.
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All of the complications associated with these problems
extend from linear and nonlinear fixed effects models (see
Seber and Wild 1989, §3.4) to NLMMs, but generally speak-
ing, they becomemoresevere. Fortunately, nonidentifiability
and ill-conditioning can usually be detected by stubborn
nonconvergence of the estimation procedure or convergence
to a solution that has an estimated variance-covariance ma-
trix that isnearly singular and/or includes extremely large or
small variances or near perfect correlation. A simple, practi-
cal approach is to avoid models that yield such results by
simplifying dependence structures for covariates and/or re-
moving random effects from one or more of the model
parameters. From a practical standpoint, thisis often desir-
able so that the model is not too complex to be understood.

In the current investigation, we chose linear functions of
tphfor each g parameter based on an examination of thefitted
coefficientsfrom afixed effects, no covariatesversion of (12)
fit separately to the data from each tph value. Plots of
nonlinear least squares (NLLS) estimates of Y1, Y2 and Y3
against tph suggested decreasing linear, increasing linear,
and increasing linear trends, respectively. Simple linear re-
gression fits to these plots were also helpful in suggesting
starting values for the parameters B3,,...,35 in model (12).
Initially, we attempted to fit a version of (12) in which
random plot-effects and random tree-effects entered into
each y parameter. Because we could not obtain convergence
with such amodel and because simpler modelswith asingle
random effect were consi stently most difficult to fit whenthe
random effect appeared iny,, we simplified theinitial model
by eliminating random effects in y,. Starting values for the
variance component parameters of thismodel, 8 and ¢, were
obtained in several steps. First, the basic fixed effects model
giveninexpression (12) withy;, Y,, Y5 al specified asfixed-
effects parameters not depending on covariates, was fit
separately for each plot inthe dataset using NLLS. Theplot-
specific parameter estimates were then regressed on the
covariate tph, and the residual mean squares from these
regressions were taken as starting values for plot-specific
variance components (for the diagonal elements of @2;).
These starting values were further refined by utilizing SAS
PROC NLMIXED to fit asimplification of model (12) that
included bf) and b{? but not b and b). The same
processwasrepeated at thetreelevel. Thebasucﬁxed effects,
no covariate version of (12) was fitted separately by tree,
parameter estimates were regressed on tph to obtain starting
values for the diagonal elements of @2,, and finally these
starting values were refined by fitting simplified two-level
NLMMs with PROC NLMIXED.

After selecting a model and obtaining starting values as
described above, we utilized the REML version of the zero-
expansion estimation method to obtain the following fitted
model:

Gise = VL~ exp(~Viage; 0}

where

Vyj =42.1-0.757tph, +b) +bY
¥, = 0.0385 +0.00219tph



Table 1. Parameter estimates and robust asymptotic standard
errors (ASEs) for model (12).

Parameter Estimate =~ ASE  Parameter Estimate = ASE

B, 42.1 1.70 6, 36.0 6.25

B, -0.757 0.0996 8, 0.579 0.126

B, 0.0385 0.00432 8, 0.0290  0.00536

B. 0.00219 0.00039 o, 5.16 1.51

B, 1.22 0.0475 9, —0.0494 0.0527

B, 0.00696 0.00350 8, 0.00811 0.00215
0.229 0.0124

and

{3 =1.22 +0.00696tph, +b%) +56.

Estimates of variance components corresponding totrees,
plots and residual error are

; _0%0 05790
2~ Hy579 0.00200H

s 0516 -00494p
3 Hoo494 0008118
©=0.229.

These parameter estimates and their robust asymptotic stan-
dard errors are summarized in Table 1.
Toillustrate the flexibility of thismodel, in Figures 1 and
2 we have plotted observed and fitted growth curves for
several treesfrom two of the plotsinthedataset. In Figure 1
we plot observed growth curves (dotted lines) for three trees
in plot 4 (988 trees’ha), and three treesin plot 24 (247 trees/
ha). In addition, we plot thefitted plot average growth curve
(solid lines) for the two plots based on the predicted plot
effects for plots 4 and 24, and tree effects set equal to their
average, zero. In Figure 2, tree-specific fitted growth curves
are displayed for the same trees as in Figure 1. These tree-
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Figure 1. Observed growth curves from 3 trees from plot 4 (988
trees/ha) and 3 trees from plot 24 (247 trees/ha), plus fitted plot
average curves.

specific curves are generated based on the predicted plot-
level and tree-level random effects corresponding to the six
selected trees from plots 4 and 24. Figures 1 and 2 are meant
to emphasi zetheflexibility of thenonlinear multilevel mixed
model; so to convey this point and to keep the plots unclut-
tered, we have plotted observed and fitted curves only for
selectedtreesand plotswithwell-differentiated growth curves.
While capturing the overall population growth trend, the
model also allows the estimated growth pattern to be
individualized to each level of heterogeneity contained in
the data structure, that is, to each plot (Figure 1) and each
tree (Figure 2).

To investigate the properties of the predictor proposed
above, asmall cross-validation study was conducted. Based
on the Chapman-Richards model described above, we pre-
dicted both individual tree height at age 14 and plot average
tree height at age 14. The accuracy of these predictions was
assessed viacross-validation. That s, for tree-specific height
predictions, we fit model (12) 365 times, once for each tree
inthe data set. For eachfit of the model, one observation, the
height at age 14 for onetree, was omitted from the data, and
a prediction made for that observation. This was done for
each tree so that a set of 365 predictions were obtained, one
for each tree, where none of the predictionswere made based
on data that included the observation to be predicted. Simi-
larly, for plot average height predictions, for eachplotinturn,
weomitted all observationsat age 14 and predictedthat plot’s
average height. Twenty-four predicted plot average heights
were obtained in this way and compared with the true plot-
average height computed from the compl ete data set.

Cross-validation results appear in Table 2. For compari-
SoN purposes, we report also the results based on methods of
Lappi and Bailey (1988). Both Lappi and Bailey’s and our
approaches are first-order approximation methods (Vonesh
and Chinchilli 1997, §7.4.2). Lappi and Bailey also fit a
model that is an approximation to the ML-NLMM based on
aTaylor seriesexpansion about E(b) =0. Lappi and Bailey fit
thismodel by combining ordinary |east squaresfor the fixed
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Figure 2. Tree-specific observed and fitted growth curves for
trees plotted in Figure 1.
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Table 2. Cross-validation results. Prediction errors (true-predicted) of height at age 14 for individual trees and for plot
averages based on Lappiand Bailey’s (1988) method (“LB"”), and the methods of this article (“HB"). All units are meters.

Predictions No. of predictions Method Mean error SD Mean theoretical SD
Stand averages 24 HB —0.0305 0.643 0.628

LB —0.0710 0.625 0.311
Single trees 365 HB —-0.261 0.765 0.698

LB —0.297 0.762 0.643

effects parameters with ad hoc methods of estimating the
variance components associated with random effects. Essen-
tially, what they doisuse Liang and Zeger’'s (1986) original
GEE approach with an independence working covariance
structure, supplemented by ad hoc estimation of covariance
parameters based on the residual s of the fitted fixed effects
portion of the model. In contrast, we use an extended GEE
approach (Hall and Severini, 1998), simultaneously solving
estimating equations for fixed effects parameters and vari-
ance-covariance parameters associated with the random ef-
fects. In the latter approach, within-plot correlation is ac-
countedfor inthefixed effectsparameter estimators, yielding
greater efficiency.

With respect to prediction, Lappi and Bailey utilize the
first-order linearized model (5) to generate their predictor
and its prediction error variance. These authors ignore the
estimation error that arises from using f((3,0,X;,Z;) rather
than f(B,0,X;,Z;) to construct their predictor. As a conse-
guence, we seein Table 2 that the standard deviation of the
prediction errors is under-estimated by Lappi and Bailey’s
theoretical standard deviation of prediction error, particu-
larly intheprediction of plot averages. Otherwise, thecurrent
method provides a modest improvement in mean prediction
error and similar prediction error variances to Lappi and
Bailey’ s technique. Note that, for both methods, the predic-
tion of plot average height at agiven ageis prediction of the
average height of all treesin that plot at that age, rather than
prediction of theaverage height of sampled treesat the age of
interest.

Given the similarity in the basic approaches to modeling
presented hereandin Lappi and Bailey (1988), thesmall size
of the improvement associated with our techniques seen in
Table2isnot surprising. Incomparisonto L appi and Bailey’s
work, our approach offersimprovements in efficiency with
respect to estimation of the regression parameter 3, and the
covariance parameter &; estimators of var([3) and var(d) that
are more robust with respect to model misspecification; an
improved estimator of the prediction error variance; but,
most importantly, a unified methodology for estimation and
prediction of growth curves based on ML-NLMMSs as op-
posed to acollection of ad hoc techniques. That is, relativeto
Lappi and Bailey’ s approach, the improvements associated
with our methodology do not come at a cost of increased
complexity. Instead, wewould argue that the reverseistrue.

Perhapsamore rel evant comparison isbetween our meth-
odology and a traditional site index approach. Such ap-
proachesareboth simpler and much morecommoninapplied
forestry than ML-NLMMs such as ours and Lappi and
Bailey’s. Thistype of comparison is complicated, however,
by having to choose among the many published variants on
the basic site index methodology. Lappi and Bailey (1988)
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presented a comparison of their approach for predicting
individual tree height and plot-average height with that of
Borders et a. (1984), which was found by Borders et a.
(1984) to becomparablewith other siteindex methods. L appi
and Bailey’ sresultsdemonstrateaclear improvement inboth
mean prediction error and prediction varianceat both thetree
and plot levels. Given the results of Table 2, the advantages
of our approach over that of Borders, et al. canonly begreater.
Perhaps foremost among those advantagesisthe availability
of a prediction variance estimate with our method. In the
Borders, et a. technique, asin most siteindex approaches, no
guantification of theuncertainty associated withtheir predic-
tor is available.

Discussion

Inour approachto estimationwehaveutilized afirst-order
linearization based on a Taylor expansion about the random
effects’ mean, 0. Another possibility isto take the expansion
about b, an estimate of b, typically taken to be an EBLUP-
type predictor similar to (9) based on the current parameter
estimates (Vonesh and Chinchilli 1997, eq. 7.4.51). This
EBL UP-expansion approach is described by Wolfinger and
Lin (1997), Vonesh and Chinchilli (1997, §7.4.2.ii) and
Lindstrom and Bates (1990). The essential difference from
our zero-expansion approach is that the EBL UP-expansion
method solves a set of extended GEESs based on different
margina moment approximations. Instead of theexpressions
given in (6), the marginal mean is approximated by

f(B,b,X;,Z;) +Z,b,; +Z3;bs;

where

5 _OBbX.2)

; m=2,3,
m,i ab-lr-n,i

b, =B’

and the marginal varianceis approximated asin (6) but with
Z ;i replaced by Zmi, m=1,2. Theseapproximationsfor the
marginal first and second momentsof model (4) arethemean
and variance of the linearization of the model obtained by
expanding around b, evaluated conditionally upon b.
Several authors have compared the performance of zero-
expansion-type estimators with EBL UP-expansion-type es-
timators via simulation in both the GLMM and NLMM
contexts (Vonesh 1992, Breslow and Clayton 1993, Pinheiro
and Bates 1995, Wolfinger and Lin 1997). In the most recent
and comprehensiveof thesestudies, Wolfinger and Linfound
that, “Overall, the EBLUP-expansion estimates are dlightly
better than the zero-expansion estimatesin terms of biasand
[mean squarederror]” (Wolfinger andLin 1997, p. 488). This
statement is consistent with the results of other authors.



However, the magnitude of theimprovement associated with
the EBL UP expansion ishighly dependent on the underlying
model and data structure, ranging from negligible to moder-
ate improvement. In addition, the potential advantages of an
EBLUP expansion come at a significant cost in terms of
computational expense and instability (Wolfinger and Lin
1997), and some decreased robustness with respect to the
assumed random effects structure (V onesh 1992). Such con-
siderations suggest that further M onte Carlo-based compari-
sons of the two linearization methods would be useful in the
context of specific forestry applications of the ML-NLMM;
e.g., for height projections based on a Chapman-Richards
model fit to longitudinal multilevel data of the sort typically
available for growth and yield modeling.

In model (4) we have assumed that the errorsareindepen-
dent normal random variables with constant variance. As a
consequence, themodel impliesthat theresponsesare condi-
tionally independent, given the values of the random effects.
Marginally, however, the model implies that observations
that share arandom effect are correlated. For example, in a
ML-NLMM with random tree-specific and plot-specific ef-
fects, observations from two different trees within the same
plot are correlated because they share the same plot effect;
observations from the same tree are correlated to an even
higher degree because they share a plot effect and a tree
effect. In this approach the correlation structure for the data
is accounted for entirely through the random effects. Al-
though the presence of the random effectsimpliesacorrela-
tion structure, precisely what that marginal correlation struc-
tureiswithin aparticular treeor plotisdifficult to determine.
That is, there is typically no closed-form solution for the
within-tree or within-plot correlation matrix when the ran-
dom effects enter into the model in anonlinear fashion. For
thisreason, our approach isan example of indirect modeling
of the variance-covariance structure (Schabenberger and
Gregoire 1996).

Another approach to accounting for a dependence vari-
ance-covariance structureisto specify it directly through the
variance-covariance matrix of ;. That is, we could assume
var(g;) = @R;(6) rather than @, where R; is a correlation
matrix with an assumed structure, parameterized by 8, which
has now been expanded to characterize both Z; and R;. For
example, R; could be assumed to have a block-diagonal
structure with blocks corresponding to observations from
each tree in the plot. Furthermore, each block could be
assumed to have the correlation structure of a continuous
timefirst-order autoregressive (AR-1) processto capturethe
decaying nature of the pairwise correlations within a tree
acrossincreasinglags. Such achangeposesno probleminthe
estimation and prediction procedureswehaveoutlined above.
Theonly differencesareanincreaseinthedimension of 6 and
an obvious change to V;(8) which becomes

Vi(®) = R (9+Z,%,(92}.
Thereistypically atrade-off between the modeling of
avariance-covariancestructureindirectly throughtheran-

dom effects structure, and directly through the variance-
covariance matrix of the errors. Although both types of

variance-covariance modeling are easily accommodated
inthe ML-NLMM, thisis often unnecessary. As has been
noted by Jones (1990), Gregoire and Schabenberger
(1996b), and others, in the presence of random subject
effects, additional within-subject correlation is often neg-
ligible. In particular, we expect that thiswill betruein our
application of primary interest, growth modeling based on
tree size variables measured repeatedly through time with
relatively few measurements per tree and relatively long
inter-measurement intervals.

Inthe context of singlelevel NLMMsfor cumulative bole
volumeof trees, Gregoireand Schabenberger (1996a, 1996b)
compare certain zero-expansion and EBL UP-expansion lin-
earization methods of estimation with a GEE-type approach
due to Schabenberger (1994). These authors emphasize the
connection between the linearization methods that they con-
sider and REML, and they implement their linearization
methodsviaan algorithm that fitsasequence of linear mixed
models to pseudodata. However, in fact, the zero-expansion
method that they utilize is equivalent to solving extended
GEEs of the form given by (7) and (8) (with the REML-type
adjustment), and their EBL UP-expansion method is equiva-
lent to solving a similar extended GEE based on the first-
order EBLUP approximation to the margina mean and
variancedescribed above. Theimplication of thisisthat their
zero-expansion estimation method and the GEE procedure
that they consider differ only by the estimating equation that
is utilized to obtain estimators of the variance-covariance
parameters of the model.

Like the zero-expansion approximate REML procedure
considered by Gregoire and Schabenberger (1996a), our
zero-expansion method of estimation simply replaces the
method of momentsestimator of Schabenberger (1994) by an
estimatingequationfor variance-covarianceparameters. Since
any method of moments estimator can be expressed as the
root of an estimating equation that hasaclosed form solution,
the methods differ in the substitution of one estimating
equation for another. Thus, our method isnot afully second-
order estimating equation method like the GEE2 approach of
Prentice and Zhao (1991; seealso Liang et al. 1992, Vonesh
and Chinchilli 1997, §89.2.7, and Hall 2001). This is an
important point because of theabsence of aconsistency result
for the first-moment estimators based on GEE2 in the pres-
ence of second moment misspecification. Instead, our ex-
tended GEE approach yields a consistent estimator of 3
provided only that the first moment structure is correctly
specified. In addition, based on results from the fixed effects
generalizedlinear model (Hall and Severini 1998, Hall 2001),
we can expect our extended GEE estimators to have greater
finite sample efficiency than those based on a method of
moments approach.

Using ML-NLMMs for growth and yield modeling pro-
vides several important advantages over traditional ap-
proaches, includingtherecently popul ar two-stage and three-
stage | east-squares methods (Borders 1989). Such methods,
and others (Clutter et a. 1983), were motivated by the need
to devise techniques appropriate for modeling remeasured
tree and plot data. Invariably, how to formulate the best
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system of related equations for modeling is problematic in
such methods. I n particul ar, the choice of which endogenous
variablesto include as predictors (right-hand-side variabl es)
of the response is rarely easy. For example, the so-called
“differenceequation” methods(Clutter et al. 1983) requirean
early measurement on a unit (tree or plot) asapredictor ina
model with alater measurement of the same variable as the
response. Noclear rational eexistsfor determining which pair
of early and later observations (e.g., shortest intervals, long-
est intervals, all possible intervals) should be used in these
models (Borders et al. 1988). In addition, with some excep-
tions, no provision is made in the fitting methods for the
obvious violation of the usual independence assumption on
theerror structure. Moreover, whenfitted model sareusedfor
projections of expected future values of the response (i.e.,
growth projections), nowell-justified method existsfor quan-
tifying the uncertainty in these predictions.

The ML-NLMM approach we advocate herein obviates
formulation of a system of equations for modeling and any
decisions concerning which endogenous variables to use as
predictors. By including random variables to represent tree
and plot effects, dependence among current and past obser-
vations is accounted for within a unified regression model.
Furthermore, the estimation methods and model structure
lead naturally toamethod of obtaining projected valuesof the
response and corresponding standard errors.

Literature Cited

BaiLEy, R.L., anD JL. CLuTTER. 1974. Base-age invariant polymorphic site
curves. For. Sci. 20:155-159.

BEcIN, J., AND J.P. ScruTz. 1994. Estimation of total yield of Douglas-fir by
means of incomplete growth series. Annales des Sciences Forestieres.
51:345-355.

Bicing, G.S. 1985. Improved estimates of siteindex curves using avarying-
parameter model. For. Sci. 31:248-259.

BooTtH, J.G., AND J.P. HoBerT. 1999. Maximizing generalized linear mixed
model likelihoods with an automated Monte Carlo EM algorithm. J.R.
Stat. Soc. Ser. B Stat. Methodol. 61:265-285.

Borders, B.E. 1989. Systems of equationsin forest stand modeling. For. Sci.
35:548-556.

BorpeRrs, B.E., R.L. BaiLEY, AND M.L. CLUTTER. 1988. Forest growth models:
Parameter estimation using real growth series. P. 660-667 in Forest
growth modelling and prediction, Vol 2. USDA For. Serv. Gen. Tech.
Rep. NC-120.

BresLow, N.E., anp D.G. CLAYTON. 1993. Approximateinferencein general-
ized linear mixed models. J. Am. Stat. Assoc. 88:9-25.

Canpy, S.G. 1997. Estimation in forest yield models using composite link
functions with random effects. Biometrics. 53:146—160.

CurTis, R.O. 1964. A stem-analysis approach to site-index curves. For. Sci.
10:241-256.

CLUTTER, J.L., J.C. ForTsoN, L.V. PIENAAR, G.H. BRISTER, AND R.L. BAILEY.
1983. Timber management—aquantitative approach. Wiley, New Y ork.
333p.

Davipian, M., anD D.M. GiLTiNaN. 1995. Nonlinear models for repeated
measurement data. Chapman and Hall, London. 359 p.

DupLAT, P., AND M. TRAN-HA. 1997. Modelling the dominant height growth
of sessile oak (Quercus petraea Liebl) in France. Inter-regional variabil-
ity and effect of the recent period (1959-1993). Annales des Sciences
Forestieres 54:611-634.

320 Forest Science 47(3) 2001

GaRrcia, O. 1983. A stochastic differential equation model for the height
growth of forest stands. Biometrics 39:1059-1072.

GELFAND, A., AND B.P. CarLiN. 1993. Maximum likelihood for constrained-
and missing-data models. Can. J. Stat. 21:303-311.

GEYER, C.J., AND E.A. THomPsoN. 1992, Constrained M onte Carlo maximum
likelihood for dependent data. J.R. Stat. Soc. Ser. B Stat. Methodol.
54:657-699.

GoLpsTEIN, H. 1995. Multilevel statistical models. Ed. 2. Hal stead Press, New
York. 178 p.

GReGOIRE, T.G., AND O. ScHABENBERGER. 1996a. Nonlinear mixed-effects
modeling of cumulativebolevolumewith spatially correlated within-tree
data. J. Agric. Biol. Environ. Stat. 1:107-119.

GRrecoIrg, T.G., AnND O. ScHABENBERGER. 1996b. A non-linear mixed-effects
model to predict cumulative bole volume of standing trees. J. Appl.
Statist. 23:257-271.

GREGOIRE, T.G., O. SCHABENBERGER, AND J.P. BARRETT. 1995. Linear modeling
of irregularly spaced, unbalanced, longitudinal datafrom permanent-plot
measurements. Can. J. For. Res. 25:137-156.

HaLL. D.B. 2001. On the application of extended quasilikelihood to the
clustered data case. Can. J. Stat. In press.

HALL, D.B., anp R.L. BaiLey. 2000. Prediction of dominant height growthin
forest plantations based on multilevel nonlinear mixed models. Univ. of
Georgia Stat. Dep. Tech. Rep. #2000-5.

HaLL, D.B., ano T.A. Severini, 1998. Extended generalized estimating
equations for clustered data. J. Am. Stat. Assoc. 93:1365-1375.

HARvILLE, D.A. 1977. Maximum likelihood approaches to variance compo-
nent estimation and to related problems. J. Am. Stat. Assoc. 72:320-338.

Jones, R.H. 1990. Serial correlation or random subject effects? Comm. Stat.
Simul. Comput. 19:1105-1123.

Kuk, A.Y.C. 1999. The use of approximating models in Monte Carlo
maximum likelihood estimation. Stat. Probab. Lett. 45:325-333.

Lappi, J. 1991. Cdlibration of height and volume equations with random
parameters. For. Sci. 37:781-801.

Lapp, J. 1997. A longitudinal analysis of height/diameter curves. For. Sci.
43:555-570.

Lapr, J., AND R.L. BaiLEY. 1988. A height prediction model with random
stand and tree parameters: An aternative to traditional siteindex meth-
ods. For. Sci. 34:907-927.

Lappi, J., AND J. MALINEN. 1994. Random-parameter height/age modelswhen
stand parameters and stand age are correlated. For. Sci. 40:715-731.

Liang, K.-Y., AND S.L. ZEGEer. 1986. Longitudinal analysisusing generalized
linear models. Biometrika 73:13-22.

Liang, K.-Y., S.L. ZEGER, AND B. QaqisH. 1992. Multivariate regression
analysesfor categorical data(with discussion). J.R. Stat. Soc. Ser. B Stat.
Methodol. 54:3-40.

LiNnpsTROM, M.J., AND D.M. BATES. 1990. Nonlinear mixed effectsmodelsfor
repeated measures data. Biometrics. 46:673-687.

LitteLL, R.C., G.A. MiLLiken, W.W. Stroup, AND R.D. WOLFINGER. 1996.
SAS® system for mixed models. SAS Institute Inc., Cary, NC. 633 p.

Longrorp, N.T. 1993. Random coefficient models. Clarendon Press,
Oxford. 270 p.

McCutLocH, C.E. 1994. Maximum likelihood estimation of variance com-
ponents for binary data. J. Am. Stat. Assoc. 89:330-335.

McCutLocH, C.E. 1997. Maximum likelihood algorithms for generalized
linear mixed models. J. Am. Stat. Assoc. 92:162-170.

Monserup, R.A. 1984. Height growth and site index curves for inland
Douglas-fir based on stem analysis dataand forest habitat type. For. Sci.
30:943-965.

PiENAAR, L.V, AND B.D. SHiver. 1993. Early resultsfromanold-field loblolly
pine spacing study in the Georgia Piedmont with competition control.
South. J. Appl. For. 17:193-196.



PiNHEIRO, J.C., AND D.M. BaTEs. 1995. Approximationsto the log-likelihood
function in the mixed-effects model. J. Comput. Graph. Stat. 4:12-35.

PiNHEIRO, J.C., AND D.M. BaTES. 1996. Unconstrained parameterizations for
variance-covariance matrices. Stat. Comput. 6:289-296.

PinHEIRO, J.C., AND D.M. Bates. 2000. Mixed-effects models in S and S-
PLUS. Springer, New Y ork. 528 p.

PrenTICE, R.L., AND L.P. ZHAo. 1991. Estimating equationsfor parametersin
meansand covariancesof multivariatediscreteand continuousresponses.
Biometrics. 47:825-839.

Rosinson, G.K. 1991. That BLUPisagood thing: The estimation of random
effects. Stat. Sci. 6:15-51.

RovaLL, R.M. 1986. Model robust confidence intervals using maximum
likelihood estimators. Int. Stat. Rev. 54:221-226.

ScHABENBERGER, O. 1994. Nonlinear mixed effects growth models for re-
peated measures in ecology. P. 156161 in Proc. of the 1994 Joint
Statistical Meetings, section on statistics and the environment.

ScHABENBERGER, O., AND T.G. Grecoire. 1996. Population-averaged and
subject-specific approaches for clustered categorical data. J. Statist.
Comput. Simul. 54:231-253.

SEARLE, S.R., G. CaseLLA, AND C.E. McCuLLocH. 1992. Variance compo-
nents. Wiley, New Y ork. 501 p.

SEBER, G.A.F., AnD C.J. WiLD. 1989. Nonlinear regression. Wiley, New Y ork.
768 p.

TaiT, D.E., C.J. Cieszewski, AND |.E. BELLA. 1988. The stand dynamics of
lodgepole pine. Can. J. For. Res. 18:1255-1260.

VALLIANT, R. 1985. Nonlinear prediction theory and the estimation of propor-
tionsin afinite population. J. Am. Stat. Assoc. 80:631-641.

VonEesH, E.F. 1992. Non-linear models for the analysis of longitudinal data.
Stat. Med. 11:1929-1954.

VonNesH, E.F., anD V.M. CHincHiLLI. 1997. Linear and nonlinear models
for the analysis of repeated measurements. Marcel Dekker, New
Y ork. 560 p.

WaLTERs, D.K., H.E. BurRkHART, M.R. ReYNoOLDS, AND T.G. GReGOIRE. 1991.
A Kaman filter approach to localizing height-age equations. For. Sci.
37:1526-1537.

WOLFINGER, R. 1999. Fitting nonlinear mixed model swiththenew NLMIXED
procedure. SAS User’'s Group Internat. Pap. #287.

WoLrINGER, R.D., anp X. LiN. 1997. Two Taylor-series approximation
methods for nonlinear mixed models. Comput. Stat. Data Anal. 25:465—
490.

ZEGER, S.L., K.-Y. LIANG, AND P.S. ALBerT. 1988. Models for longitudinal
data: ageneralized estimating equation approach. Biometrics. 44:1049—
1060.

ZHANG, P. 1996. Nonparametric importance sampling. J. Am. Stat. Assoc.
91:1245-1253.

Forest Science 47(3) 2001 321



