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Extended Generalized Estimating Equations for

Daniel B. HALL and Thomas A. SEVERINI

Clustered Data

Typically, analysis of data consisting of multiple observations on a cluster is complicated by within-cluster correlation. Estimat-
ing equations for generalized linear modeling of clustered data have recently received much attention. This article proposes an
extension to the generalized estimating equation method proposed by Liang and Zeger, which treats within-cluster correlations
as nuisance parameters. Using ideas from extended quasi-likelihood, estimating equations for regression and association param-
eters are provided simultaneously. The resulting estimators are proven to be asymptotically normal and consistent under certain
conditions. The consistency of regression estimators allows incorrect modeling of the correlation among repeated responses. The
method is illustrated with an analysis of data from a developmental toxicity study.

KEY WORDS: Correlation; Extended quasi-likelihood; Generalized linear model; Longitudinal data; Marginal model; Quasi-

likelihood.

1. INTRODUCTION

The analysis of clustered data is complicated by the cor-
relation that typically exists among observations within the
same cluster. The introduction of generalized estimating
equations (GEEs) for the analysis of such data has stim-
ulated a great deal of interest during the last decade. The
GEE approach was originally proposed for the situation in
which it is reasonable to assume that the marginal mean
response conforms to a generalized linear model (GLM)

- (Nelder and Wedderburn 1972) where the coefficients of
the linear model are of primary interest. In this setting, the
within-cluster correlation is treated as a nuisance. GEEs
arise naturally as an application of quasi-likelihood (QL)
estimation (Wedderburn 1974) of the regression parameters
when correlation parameters are consistently estimated sep-
arately.

As noted by Liang, Zeger, and Qagqish (1992), the origi-
nal GEE approach (hereafter referred to as GEE1, following
the usage of Liang et al. 1992) can yield estimators of the
correlation parameters that have low asymptotic efficiency
relative to maximum likelihood. This should not be sur-
prising, because GEE1 treats correlations as a nuisance and
estimates them using consistent, but ad hoc estimators. An
alternative approach (GEE2) has been suggested by Prentice
and Zhao (1991) and Zhao and Prentice (1990). These au-
thors suggested estimating equations for the simultaneous
estimation of regression and association parameters. These
estimating equations arise from a pseudo—maximum likeli-
hood approach to the estimation of the mean and covari-
ance parameters when the responses are assumed to follow
a quadratic exponential model (Gourieroux, Monfort, and
Trognon 1984). Although GEE2 estimators of the associa-
tion parameters are considerably more efficient than those
obtained using GEE1 (Liang et al. 1992), this improvement
comes at some cost. The consistency of GEE2 regression
parameter estimators requires correct specification of the
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covariance structure. In addition, an assumption must be
made concerning the structure of the covariance matrix of
the vector of observed responses and covariances. That is,
a “working” model for third- and fourth-order moments is
necessary. Although the correctness of this working model
does not affect the consistency of GEE2 regression and
association parameter estimators, it does affect their effi-
ciency.

This article proposes an alternative set of estimating
equations for the simultaneous estimation of regression
and association parameters. These estimating equations are
motivated using the ideas of extended QL (McCullagh
and Nelder 1989; Nelder and Pregibon 1987) rather than
pseudo—maximum likelihood. In this way the approach pro-
posed here is a natural extension of the original GEE
methodology. The method makes only first- and second-
moment assumptions and does not require a correct covari-
ance specification for the consistency of its regression pa-
rameter estimators.

2. GENERALIZED ESTIMATING EQUATIONS FOR
REGRESSION PARAMETERS

To establish notation, suppose that a scalar response y;:
and a p-dimensional vector of covariates x;; are observed
for clusters ¢ = 1,..., K and cluster subunits t = 1,...,T;.
For the ith cluster, let y; = (yi1,...,%r)" be the re-
sponse vector with mean p; = (u1,...,uir;)? and let
x; = (@i1,...,z7,)T be the T; x p matrix of covariates.
Now suppose that g(u:) = x48 and var(y;) = ¢V (s, ),
where V; is a T; x T; covariance matrix with the structure

Vi(pi, @) = A2 (m)R(e) A} (y). (1)

%

Here Az(/,l.z) = dlag(vz (,U,ﬂ), ey vi(NJlTi)) isa T xT; diag—
onal matrix of variance functions, R(c) is the parametric
form chosen for the working correlation matrix of y;, and
a is an s x 1 vector of unknown parameters. This formu-
lation leads to estimating equations analogous to the joint
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quasi-score equations under independence,
.
P Z DIV (yi — pi) =0, (2)
i=1

where D; = du;/93. Notice that the function U;(3, o, ¢) =
¢~ DTV (y;—p) in (2) depends on unknown parameters
B, a, and ¢. Therefore, Liang and Zeger (1986) proposed
estimating equations for 3 based on (2) where ¢ is replaced
by estimator ¢(3), which is K'/2 consistent given 3, and
o is replaced by an estimator &(83, ¢), which is K'/2 con-
sistent given 3 and ¢. These substitutions led to Liang and
Zeger’s original GEEs,

K
> UilB,a{B,¢(8)}, 4(8)] = 0. (3)

i=1

These authors indicated that under mild regularity condi-
tions, K1/2(3 — ) is asymptotically N(0, V), where 3 is
the solution of (3) and V; equals

K -1
: Ty —11y.
KlgnooK<ZDi v; DZ>
K —1
1Di} (ZD?V{JDZ) :
=1

i=1
{ZDTV var(y;)V

A consistent estimator V; of this covariance matrix can be

obtained by replacing var(y;) with (y; — p;)(y: — pi)7 and

B3, a, and ¢ with their estimates in the expression for V;.

Liang and Zeger (1986) suggested estimating the un-
known correlation parameters, o and ¢, using method-of-
moments estimators based on the Pearson residuals, r;; =
(yit — fist)/vi(fie)*/?. The exact form of these residual-
based estimators depends on the assumed form of R(w).
Examples for several correlation structures have been con-
sidered by Liang and Zeger (1986). Alternatively, Prentice
(1988) and Prentice and Zhao (1991) suggested ad hoc es-
timating equations for the association parameters. This ap-
proach generalizes Liang and Zeger’s method-of-moments
techniques, because the residual-based parameter estimators
considered by Liang and Zeger (1986) can be obtained as
the solution of appropriately chosen estimating equations.
One advantage of using such second-moment estimating
equations is that it allows for modeling in the association
parameters. For example, correlations can be assumed to
be related to covariates through a generalized linear model;
such an approach is considered in Section 5. Another ad-
vantage is that greater efficiency can be achieved in the
estimation of second-moment parameters over the method-
of-moments approach (Mancl 1992).

It is important to note that the method-of-moments ap-
proach of Liang and Zeger (1986) and the ad hoc estimating
equation approach of Prentice and Zhao (1991, sec. 2) are
both GEEI techniques. In these methods, first- and second-

moment parameters are treated as though they are orthog-

onal to one another even when they are not. In contrast,
both GEE2 and the extended GEE technique proposed here
approach the estimation of 3 and a simultaneously.
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3. EXTENDED GENERALIZED
ESTIMATING EQUATIONS

As discussed in Section 2, GEE1 may be seen as an appli-
cation of QL to clustered data. Equation (2) is a quasi-score
equation for 8 when « and ¢ are known. When significant
scientific interest is focused on the association among re-
sponses, this approach is inadequate, because “GEE1 can
be extremely inefficient for the estimation of «” (Liang et
al. 1992, p. 16). As detailed by Liang et al. (1992), when
var(y;), i = 1,..., K, is correctly modeled, GEE2 provides
estimators of 3 and « that outperform GEEIl-based esti-
mators in terms of asymptotic efficiency relative to maxi-
mum likelihood. However, GEE2 has two major drawbacks:
third- and fourth-moment assumptions on the responses are
required, and correct specification of the mean and covari-
ance models is necessary to ensure consistent estimation of
3 and o (Prentice and Zhao 1991). This section introduces
an alternative set of estimating equations that, like GEE2,
efficiently estimate o but, unlike GEE2, do not require cor-
rect covariance specification for the consistent estimation

of 3.

3.1 Form of Extended Generalized Estimating
Equations

The estimating equations are presented here using index
notation (e.g., McCullagh 1987). Let v = (87, a”)T, where
now the overdispersion parameter ¢ is included in c. For
the ith individual, let
b=1,...,p

Us(7; 8°) = (37 — ) Vjqu®®

and

Ui(yia®) = —(y) — ) (y* — 1F)Vik + VIRV,

8 (4)

u=1,...

be the extended generalized estimating functions for the
components of B and «. Here the superscripts on f,
a, y, and p indicate vector components; V¥ and Vik
are the (4, )th components of V,;(u;, ) = var(y;) and
Vi (i, @); Vi, = 8V, /0a; and p® = e /63°. Then

K
)= Z 5)

defines an extended generalized estimating equation
(EGEE) for ~, where

v = [ Giia |

A motivation for (5) may be found in the ideas
of extended QL. For independent observations, y =
(y1,...,yx)T, with mean p(B) and covariance matrix
¢V (p), McCullagh and Nelder (1989) and Nelder and Preg-
ibon (1987) have discussed an extended QL function QT
that has likelihood-like properties with respect to both 3
and the overdispersion parameter ¢. Nelder and Lee (1992)
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have provided Monte Carlo evidence that favors an ex-
tended QL approach toward estimating dispersion parame-
ters in the univariate case. In the clustered data setting, y =
(yF, ..., ¥yE)T, where y; is a vector, y; = (yi1, - .-, ¥i1:) 7,
and var(y) = &, V;(u;, @). An extended QL for y having
likelihood-like properties with respect to 8 and « may be
obtained by defining such extended QL functions for each
vector of observations y; and summing over all s.

Regardless of whether var(y) is diagonal, an equation of
the form

T
upp) = %%— var~

may be used as an estimating equation for 3. However, for
U(B) to correspond to a QL function, it is necessary and
sufficient that the matrix 0U(3)/03 by symmetric. Because
in general var(y) need not be diagonal, the QL function may
not exist. Given that a QL function does exist, however, it
is given by '

"Wy - =0

Quy) == ([ SIVEEN ds) (v - ). ©

where t is the straight-line path t(s) = y + (1 — y)s, for
0 < s <1 (McCullagh and Nelder 1989, p. 335).
To obtain the extended QL function Q" (i, a,y), let

where f(a,y;) = fi(@) + fa(ys), Qi(i, ys) is as in (6),
and V;(u;) = var(y;). Dropping the individual index ¢ and
switching to index notation, (7) becomes

QT (n,ay) = —/ sVie{t ()} — ) (y* — p¥) ds
0
+ fila) + fa(y)-

For Q* to be a QL for « in addition to 3, it is necessary
that

. A .
E<8Q >=0, where uw=1,...,s. (8)

Oa

Assuming that it is possible to differentiate inside the inte-
gral,

oQ+ _ ! u i G\ (0K Ky oo, Ofi(e)
ot —/0 sVi{t(s) () — 1) (y" — )d3+—5aT‘-
By a Taylor series expansion,
8Q+ _ ! u jk
B(5%) - [ stz
VR 4 s+ 28

where X% = E{(y/ — p9)(y* — p*)}, TH = B{(y -
1) (y* — 1F)(y' — ph)}, and so on, and V}, = 8Vji/9ut.

For exponential dispersion models with dispersion pa-
rameter ¢,

Krg1 = Fihkg, for r>2 (10)
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where x, is the rth cumulant, k2 = ¢V (u;), and the prime
denotes differentiation with respect to u; (Jorgensen 1987;
Morris 1982). Property (10) implies that pz = O(¢?), g =
O(QSQ)»/J'S = O(¢3))N6 = O(¢3)a .., where p, is the rth
central moment. Applying Holder’s inequality, it is possible
to bound the ¥ terms in (9) such that $7% = O(¢%/?),

$Ikm — O(¢$?), and so on. Ignoring such terms gives
09" 1 iku , 9fi(a)
E(aau> MgV g (D

Hence f; should be chosen to satisfy Ofi(a)/0a* =~
Vikyn /2. Therefore, an extended QL function for 3 and
also « for the entire response vector y is

K

_Z(Yi

i=1

([ sVt ds) - )

a)}l;

where the notation det(M) indicates the determinant of M.
This extended QL function may not exist for all choices of
the covariance matrix V. Regardless, the first derivatives of
Q% given by (4) provide valid estimating functions for 3
and .

Q—'_(ll/a‘aa}I) = - ﬂi)T

+ %log[det{v_l(u

3.2 Properties of Extended Generalized Estimating
Equations Estimators

Let 4 = (3T,aT)T be the solution of (5) and let v, de-
note the true . The following theorems establish the con-
sistency and asymptotic multivariate normality of 4. Both
theorems assume the conditions given in the Appendix and
are proven under the simplifying assumptlon that 73 = T,
i = 1,.:., K. The more general case requires additional
condltlons to those appearing in the Appendix.

Theorem 1. Suppose that the N x p matrix of deriva-
tives, Opu/03 has rank p when v = ~p; then as K — oo,

45 .

Theorem 2.  The asymptotic distribution of K1/2(5—~0)
is multivariate normal with mean O and covariance matrix
'V, given by

=1

K
Vs, = [E{DU;(70)}]* I}gnool{ lz var{Ui('yo)}]

x [E{DU;(7)}]""", (12)

where D f denotes the Jacobian of f.

Proofs of these theorems are outlined in the Appendix.
The proof of Theorem 1 requires the assumption that the
equation Eo{U;(v)} = 0 has a unique solution. Whether
this assumption holds for 3 does not depend on the correct
specification of the covariance matrix V. Therefore, like
GEE1 but unlike GEE2, the cons1stency of /3 does.not de-
pend on whether var(y;), ¢ = 1,..., K, has been correctly
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modeled. Of course, the consistency of & requires correct
covariance specification. An alternative proof of consis-
tency is available if 4 is defined as a one-step estimator
(Lehmann 1983, sec. 6.3) based on a K'/2-consistent esti-
mator 4. In this case the proof requires weaker conditions$
than those given in the Appendix.

Although property (10) plays a role in the motivation of
the estimating equations presented in Section 3.1, it should
be noted that Theorems 1 and 2 are proved without assum-
ing such a condition. Although terms of order O(¢*/?) are
neglected in the determination of function f;, the role of
small dispersion asymptotics (Jorgensen 1987) is simply to
suggest the form of an estimating equation for «; they are
not used to establish the consistency and asymptotic nor-
mality of 4. The same approach is used in-the derivation of
the extended QL function (McCullagh and Nelder 1989).

Expression (12) may be rewritten as

Vs, = [E{DU;(v0)}] Am K {Z Mi(’m)}

x [E{DU;(v0)}]""", (13)

where M; is the symmetric matrix E{U;(~o) - U;(v0)7}
given by

M;;

M;(v0) = [ Mz ] :

M;3

Here M;; is the p x p matrix with (b,d)th element
SRV Vigmpb b ™4, Mo is the p x s matrix with (b, u)th
element —X7F VAV, 1™®, and M3 is the s x s matrix with
(u,v)th element such that

SV Vi = SRVAEVI VG, |
— SRVRVImVE + VIRVEVITYR

A covariance estimator V, can be obtained by replacing
~o with 4 in V5. This covariance estimator is robust with
respect to the specification var(y) when expected central
moments in M;1, M5, and M3 are replaced with observed
central moments. Given that no specifications have been
made for third- and fourth-central moments, this “robust”
estimator of var(¥) is the only one available. That is, with-
out specifications for $7%! and %7%'™, a model-based esti-
mator of var(%) is unobtainable.

The expected Jacobian E{DU,;(¥)}, necessary to com-
pute V5, can be estimated by

E{DU;(¥)} = [ ::; AOq',3 } ’

where A;; is the p x p matrix with (b,d)th element
— P4V uP?, Ayp is the s x p matrix with (u,b)th ele-
ment V/*PVY, and Az is the s x s matrix with (u,v)th
element V7%V Here the superscripts v and v indicate
partial derivatives with respect to the elements of o and
the superscript b indicates the partial derivative with re-
spect to (3°. Note that in the expressions for M;i, M,

and M;3 and A;1, A;z, and A,3, the individual subscript i .
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has been dropped for notational convenience. It should be
understood, however, that these expressions are individual
specific.

3.3 Computation

A Fisher scoring algorithm may be used to solve the
EGEEs given by (5). Given an initial value 7(0), the up-
dated parameter estimate, v, is given by

W =~ — [B{DU,(O)} ! {iUi(’Y(O))} :

where the expectation is with respect to ~(9). This pro-
cedure is iterated until the correction term becomes suffi-
ciently small.

4. EFFICIENCY CONSIDERATIONS

In this section we address the relative efficiencies of pa-
rameter estimators based on EGEE, GEE1, and GEE2. We
consider results for both GEE1 with method-of-moment es-
timators and for GEE1 with ad hoc estimating equation—
based estimators of association parameters. We refer to the
latter approach as GEE1* to differentiate the two methods.
In Section 4.1 we present ratios of asymptotic variances
(AVARs) for a particular generalized linear model. In Sec-
tion 4.2 we give ratios of mean squared errors (MSEs) from
a small-sample simulation study. These results demonstrate
advantages of the EGEE method in some of the situations
considered.

4.1 Asymptotic Relative Efficiency

Liang and Zeger (1986) considered the asymptotic rela-
tive efficiency (ARE) of the GEE1 estimator 3 under the
model g(pi) = fi + P2t/10, where 3, = B, = 1 and
T, = 10, for all 7. Here we return to this model, assum-
ing further a log link and identity variance function,

log(pst) = p1 + Ba2t/10, var(yit) = P,
t=1,...,K and t=1,...,10 (14)

as in Poisson regression. Here we present ratios of the
asymptotic variances of GEE1*, GEE2, and EGEE estima-
tors of parameters (1, 02, o, and ¢ from this model, under
several choices of the true and assumed structure for third-
and fourth-order moments. We consider four of the corre-
lation structures discussed by Liang and Zeger (1986), and
we assume that in each case, the working correlation struc-
ture has been specified correctly. For all of these results, a
was taken to be equal to .5.

For these methods, a true structure for third- and fourth-
order moments must be assumed to obtain asymptotic vari-.
ances. That is, E[(yi; — pi;)(yie — pir) (Y — pa)] and
El(yij — mij) Wik — ) (Y — pat)(Yim — pim)] must be
specified for all 4, j,k,!, and m. Three cases are consid-
ered here, corresponding to higher-moment structures sug-
gested by Prentice and Zhao (1991) as possible working
variance models for GEE2. In the first case (INDEP), the
structure for third- and fourth-order moments is assumed
to be consistent with independent elements.in the response

where
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Table 1. Ratios of AVAR(GEEZ2) to AVAR(EGEE) Under Model (14)
True higher Model higher
correlations correlations Parameter 1-Dependence Exchangeable AR(1) Independence
INDEP INDEP B .85 .93 .83 .92
Bo .82 .89 .79 .90
«a 24 16 15
13 .26 1.69 3.40 11.25
INDEP GAUSSH B 3.29 1.01 1.07 .92
Bo 3.81 1.02 1.09 .90
a .75 16 .40
¢ 1.81 1.71 3.73 11.25
GAUSSH1 INDEP B1 1.03 1.02 117 .92
B2 1.04 1.04 1.21 .90
«a 63.02 1.34 2.45
¢ 1.52 1.76 1.47 1.22
GAUSS1 GAUSSH1 B .88 .95 .87 92
Bo .85 91 .84 .90
a 1.03 1.34 1.09
¢ 1.27 1.75 1.36 1.22
GAUSS2 INDEP B 1.15 1.26 1.24 1.09
Bo 1.11 1.47 1.22 1.04
@ 12.46 1.42 4.28
13 3.76 1.74 .37 1.36
GAUSS2 GAUSSH1 B 1.23 1.07 1.01 1.09
Bo 1.17 1.11 .95 1.04
a .95 1.42 1.19
¢ 1.19 1.75 1.51 1.36

vectors y;, ¢ = 1,..., K. In the second case (GAUSSI1),
third- and fourth-order moments are consistent with y;,
t=1,..., K, each distributed as a multivariate normal ran-
dom vector. The third case (GAUSS2) is a generalization
of GAUSSI1 incorporating third- and fourth-order correla-
tions that are assumed to be common across clusters (see
Prentice and Zhao 1991 for more detail on these struc-
tures). In GAUSS?2, third- and fourth-order correlations are
given by ‘

Yikl =

E[(zﬁj — ig) Wik — k) (Yar — par)] a1s)

Rather than arbitrarily choosing values for v and 6;xim.,
we obtained the particular values of these parameters used
here to specify the true model by replacing expected values
with sample means in (15) and (16). We computed sam-
ple means on a large (KX = 1,000) dataset randomly gener-
ated from (14) with an exchangeable correlation matrix with
a=.5.

Table 1 gives ratios of the asymptotic variances of GEE2
estimators to the asymptotic variances of EGEE estima-
tors for parameters f1, f2, o, and ¢. We used the INDEP,
GAUSSI, and GAUSS?2 structures as true higher-moment

953 0kkOU models, and the INDEP and GAUSS1 models as work-
and ing structures for GEE2 and GEEl*. As mentioned ear-
lier, the true structures for third- and fourth-order moments
El((yij — tas) Wi — prar) (Wir — i) Yirm — fhim)] considered here correspond to the working structures sug-
Ojkim = N e gested for GEE2 by Prentice and Zhao (1991). Although
these structures may be effective as working higher-moment
B (0j60tm + 0j10km + Tjm0Okl) (16) models when estimating first- and second-moment parame-
V/0j50kkOUOmm ' ters, there is no reason to expect them to be accurate repre-
Table 2. Ratios of AVAR(GEE1*) to AVAR(EGEE) Under Model (14)
True higher Model higher
correlations correlations Parameter 1-Dependence Exchangeable AR(1) Independence
INDEP INDEP a 24 16 15
é 22 1.07 2.61 10.14
INDEP GAUSS1 a 76 16 40
é 1.41 - 1.07 2.93 10.14
GAUSSH INDEP a 63.02 1.34 2.45
é 1.33 1.48 1.26 1.10
GAUSSH GAUSS1 a 1.03 1.34 1.09
é 1.08 1.48 1.16 1.10
GAUSS2 INDEP a 12.46 1.42 4.28 v
é 4.82 2.00 65 1.77
GAUSS2 GAUSST a .95 1.42 1.19
@ 2.08 2.00 1.88 1.77
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Table 3. Ratios of MSEggg 1/MSEggee Under Model (17)

Journal of the American Statistical Association, December 1998

Parameter
True R Fitted R B B2 Bs. B4 ay )
Independence Independence 1.000 1.000 1.000 1.000 1.000
Unspecified .998 .998 .997 .996 .986
Exchangeable 1.000 1.000 1.000 1.000 1.000
AR(1) 1.000 1.000 1.000 1.000 1.000
Unspecified Independence 1.000 1.000 1.000 1.000 1.000
Unspecified 1.021 1.018 1.012 1.011 1.353 1.001
Exchangeable 1.000 1.000 1.000 1.000 974
AR(1) 1.001 1.001 1.000 1.000 .986
Exchangeable Independence 1.000 1.000 1.000 1.000 1.000
Unspecified 1.023 1.020 1.016 1.015 .993
Exchangeable 1.000 1.000 1.000 1.000 1.080 .981
AR(1) 1.002 1.001 1.000 1.000 .975
AR(1) Independence 1.000 1.000 1.000 1.000 1.000
Unspecified 1.014 1.012 1.010 1.008 1.019
Exchangeable 1.000 1.000 1.000 1.000 .986
AR(1) 1.001 1.001 1.001 1.000 1.206 1.001

sentations of the true structure of data likely to be encoun-
tered in practice. On the contrary, the GEE-based methods
under consideration in this article are designed for clustered
data for which generalized linear models are appropriate;
that is, dependent, nonnormal data. This is an important is-
sue to keep in mind while considering the results presented
here. In particular, it implies that the situations in which the
working model for GEE2 has been incorrectly specified are
most relevant.

In the first four lines of Table 1 the working higher mo-
ment structure has been correctly specified; hence GEE2
clearly outperforms EGEE with respect to 3 and «. Re-
sults for ¢ are mixed. In the other situation in which GEE2
is used with a correct higher-moment structure (GAUSS1),
GEE2 outperforms EGEE with respect to 3 but has substan-
tially higher asymptotic variances for a and ¢. In the mis-
specified situations, EGEE generally has somewhat smaller
asymptotic variances for both regression and association
parameters. The exception to this is when the true struc-
ture is INDEP, and GEE2 is used with a GAUSS1 working
structure. In this case, GEE2 provides estimators of o with

much smaller asymptotic variances. A possible explanation
for this result is that the INDEP and GAUSSI1 structures
are very similar, and the minor misspecification involved in
choosing GAUSS1 when the true higher-moment structure
is INDEP somehow is not relevant to the estimation of a.

Table 2 presents ratios of the asymptotic variances of
GEE1* estimators to the asymptotic variances of EGEE es-
timators for a and ¢ from (14). Such ratios are 1 for 3
and have been omitted. Ratios in Table 2 are identical to
those in Table 1 for a. For ¢, when the true structure of
third- and fourth-order moments is INDEP or GAUSSI,
the ratios are less than those in Table 1. For the GAUSS2
structure, the asymptotic variance ratios for ¢ are higher
than those in Table 1, indicating a greater advantage to us-
ing EGEE. These results indicate that GEE1* and EGEE
are equally efficient for estimating regression parameters.
GEE1* can be more efficient than EGEE for estimating as-
sociation parameters if weight matrices (approximating the
third- and fourth-moment structures) are chosen well. How-
ever, if these weight matrices do not approximate the true
higher moment structure, then substantial gains can be made

Table 4. Ratios of MSEggg 1= | MSEggee Under Model (17) GEE 1* Fit With an Independence Working Structure for Higher-Order Moments

Parameter
True R Fitted R B B2 B3 ﬂ4 aq )
Independence Independence 1.000 1.000 1.000 1.000 1.000
Unspecified .999 .999 .999 .999 .990
Exchangeable 1.000 1.000 1.000 1.000 1.000
AR(1) 1.000 1.000 1.000 1.000 1.000
Unspecified Independence 1.000 1.000 1.000 1.000 1.000
Unspecified 1.025 1.022 1.014 1.013 1.360 1.024
Exchangeable 1.000 1.000 1.000 1.000 1.015
AR(1) 1.012 1.011 1.012 1.012 1.369
Exchangeable Independence 1.000 1.000 1.000 1.000 1.048
Unspecified 1.028 1.025 1.021 1.019 1.031
Exchangeable 1.000 1.000 1.000 1.000 1.061 1.024
AR(1) 1.030 1.029 1.033 1.030 1.641
AR(1) Independence 1.000 1.000 1.000 1.000 1.045
Unspecified 1.017 1.014 1.014 1.012 1.047
Exchangeable 1.000 1.000 1.000 1.000 1.030
AR(1) 1.001 1.001 1.002 1.001 1.572 1.068
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Table 5. Ratios of MSEgeg 1+ /MSEggee Under Model (17) GEE1* Fit With a Gaussian Working Structure for Higher-Order Moments

Parameter
True R Fitted R B B2 B3 Ba (%1 ¢
Independence Independence 1.000 1.000 1.000 1.000 1.000
Unspecified 999 .999 .999 .999 .990
Exchangeable 1.000 1.000 1.000 1.000 1.000
AR(1) 1.000 1.000 1.000 1.000 1.000
Unspecified Independence 1.000 1.000 1.000 1.000 1.042
Unspecified 1.000 1.000 1.000 1.000 1.028 1.010
Exchangeable 1.000 1.000 1.000 1.000 1.015
AR(1) .999 1.000 1.000 1.000 1.021
Exchangeable Independence 1.000 1.000 1.000 1.000 1.048
Unspecified 1.000 1.000 1.000 1.000 1.024
Exchangeable 1.000 1.000 1.000 1.000 1.061 1.024
AR(1) .999 .999 .999 .999 1.030
AR(1) Independence 1.000 1.000 1.000 1.000 1.045
Unspecified .999 .999 .999 .999 1.020
Exchangeable 1.000 1.000 1.000 1.000 .957
AR(1) 1.000 1.000 1.000 1.000 1.045 1.027

in the efficiency of association parameter estimators by us-
ing EGEE. Further ARE computations with higher levels
of intracluster correlation (not reported here) indicate that
such gains increase with the amount of within-cluster de-
pendence.

The results of this section suggest that when there is
strong prior knowledge regarding the third and fourth mo-
ments of the responses, either GEE1* or GEE2 is an excel-
lent choice. In such cases, when substantial interest is cen-
tered on the association parameters, we concur with Liang
et al. (1992) in the recommendation of GEE2. But when
covariance parameters are of secondary interest, GEE1* is
preferrable. When higher-moment information is not avail-
able, however, EGEE appears to be the best choice, combin-
ing efficient inference for second-moment parameters with-
out risking the consistency of regression parameter estima-
tors.

4.2 Simulation Results

To compare finite-sample MSEs, datasets were generated
in the structure of the data reported by Leppik et al. (1985).

These data consist of seizure counts measured repeatedly
over four 2-week periods in addition to an 8-week baseline
seizure count, a treatment group indicator, the subject’s age,
and other covariates measured on each of & = 59 individu-
als. The simulation data were generated with this structure
(i.e., K =59 and T; = 4), according to the model

log (i) = B1 + BASES,
+ TRTB3 + BASE x TRTfy, (17)

where BASE = log(.25 x baseline seizure count) and TRT
is a binary indicator for inclusion in the treatment group.
Data were generated with this mean structure, identity vari-
ance function, and several correlation structures. These cor-
relation structures included the exchangeable (equicorre-
lation), AR(1), unspecified, and independence correlation
structures discussed by Liang and Zeger (1986). The values
of o for these structures were taken to be .3, .5, and (.5,
45, 40, .55, 45, .48)T for the first three of these structures.
These data were generated according to the algorithm of
Sim (1993) for Poisson deviates with given marginal means
and covariance matrix.

Table 6. Ratios of MSEGEE 2/MSEggee Under Model (17) GEEZ2 Fit With a Gaussian Working Structure for Higher-Order Moments

Parameter
True R Fitted R B Ba B4 a1 ¢

Independence Independence 1.109 1.103 1.156 1.132 .993
Unspecified 1.093 1.088 1.123 1.106 .982

Exchangeable 1.105 1.100 1.145 1.123 .994

AR(1) . 1.108 1.102 1.150 1.127 .993

Unspecified Independence 1.054 1.053 1.090 1.067 1.040
Unspecified 1.100 1.100 1.173 1.138 1.006 1.015

Exchangeable 1.113 1.111 1.187 1.147 1.023

AR(1) 1.098 1.098 1.149 1.116 1.026

Exchangeable " Independence 1.054 1.050 1.091 1.070 1.042
Unspecified 1.121 1.113 1.156 1.131 1.026

" Exchangeable 1.124 1.116 1.165 1.143 1.035 1.025

AR(1) 1.083 1.078 1.132 1.104 1.031

AR(1) Independence 1.065 1.067 1.100 1.086 1.042
Unspecified 1.124 1.130 1.186 . 1.162 1.018

Exchangeable 1.152 1.159 1.210 1.183 1.032

AR(1) : 1.143 1.149 1.210 1.184 1.024 1.026
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Table 7. Summary of Responses to 2,4,5-T Among CD-1 Mice*

Dose (mg/kg) Responses Implants Litters
0 59 802 73
30 124 955 87
45 338 1120 98
60 390 806 76
75 ) 372 482 44
90 242 254 25

* Replicates 7-9, 11-15.

We generated 3,000 datasets of this description and fit
them to model (17) using GEE1, GEE1*, GEE2, and EGEE.
All four of the true correlation structures were used as
working correlation structures. GEE1* was fit using both
the INDEP and GAUSS1 working structures for third- and
fourth-order moments.-For GEE2, convergence problems
when fitting (17) with the INDEP structure resulted in un-
reliable results, so we report only the GAUSSI1 results.

Tables 3-6 present MSE ratios for the methods where
the EGEE MSE always appears in the denominator. (Ratios
greater than 1 indicate superior performance for EGEE).
Note that in these tables, results for aw, ..., ag have been
omitted in the unspecified case to save space. Tables 3, 4,
and 5 show that GEE1, GEE1*, and EGEE are essentially
identical for the estimation of 3. But with respect to the
association parameters, EGEE gives smaller MSEs, partic-
ularly in Tables 3 and 4 for « and particularly in Table 4
for ¢.

Finally, in Table 6, GEE2 is fit with a GAUSS1 work-
ing structure. This procedure leads to MSEs for « that are
similar to EGEE. Comparing the MSE ratios for « in Ta-
bles 3 and 6, we see that GEE2 has resulted in an increase
in efficiency over GEE1 with respect to «. This result is
consistent with results of other authors (e.g., Liang et al.
1992). However, at least in the Poisson regression example
considered here, this increase in efficiency for o comes at
the cost of decreased accuracy with respect to 3. Such is
not the case for EGEE.

5. EXAMPLE

In developmental toxicity studies in laboratory ani-
mals, intralitter correlation typically is present. For a bi-
nary response measured on littermates, this correlation
often induces extrabinomial variation. Historically, the beta-
binomial distribution has been used with a logistic dose—
response model to account for such overdispersion. Re-
cently, however, results have been established indicating
that an incorrect assumed correlation structure in such
a model can lead to severely biased parameter estimates
and underestimated parameter variances (Kupper, Portier,
Hogan, and Yamamoto 1986; Williams 1988). To avoid
these problems, several authors have considered using
GEEs. Lefkopoulou, Moore, and Ryan (1989) and Liang
and Hanfelt (1994) considered GEEI for teratology data,
whereas Zhu, Krewski, and Ross (1994) used GEE1* and
Bowman, Chen, and George (1995) used GEE2 in this set-
ting. In this section we apply the EGEE method to data
considered by Bowman et al. and Zhu et al. As discussed
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by Bowman et al. (1995), flexible modeling of the intralit-
ter correlation is important in these studies to obtain ad-
equate fit in the first-moment model and to eliminate bias
and increase precision in the estimates of regression param-
eters. Furthermore, although the first-moment relationships
are of primary interest in developmental toxicity studies, “a
dose-response function of the intralitter correlation can, in
addition to the mean, provide further opportunity to eval-
uate developmental effects of a toxic substance” (Bowman
et al. 1995, p. 1523). Such considerations motivate the use
of estimating equations for the association parameters so
that dose dependence in the intralitter correlations can be
accounted for and to ensure efficient inference on the in-
tralitter correlations themselves.

In a study of 2,4,5-trichlorophenoxyacetic acid (2,4,5-
T) conducted at the National Center for Toxicological Re-
search (Holson et al. 1992), developmental effects includ-
ing reduced fetal weight, cleft palate, and embryolethality
were observed among the fetuses of five strains of pregnant
mice exposed to 2,4,5-T. Following Bowman et al. (1995),
we analyze only the data from the CD-1 strain, replicates
7-9 and 11-15. Each of these mice was randomly assigned
to receive a dosage of 0, 30, 45, 60, 75, or 90 mg/kg of
the toxin during pregnancy. Before the end of gestation, the
mice were sacrificed and examined to identify responses to
the toxin among the offspring. In this analysis a response is
defined as death, resorption, or cleft palate malformation.
A summary of these data appears in Table 7.

A logit link function was used to relate u;; (the probabil-
ity of response for the #th fetus in the ith litter) to z;, the
dose for the ith litter as follows:

log ( Mt
1 — i

Two correlation models were considered. For all i, let p; =

corr(yit, i) When t # ¢'. Model 1 is the constant correla-
tion model p; = o, i = 1,..., K, and model 2 is the dose-
dependent logistic correlation model logit((p; + 1)/2) =
a1 + asxy, ¢ = 1,..., K. Both models were fitted using
GEE2 with the Gaussian working correlation model de-
scribed in Section 4.1, and EGEE. Parameter estimates and
asymptotic standard errors appear in Table 8.

The estimates of (2 and ay in Table 8 are positive and
large compared to their standard errors. Thus the probabil-
ity of response and the intralitter correlation increase with
dose. The intralitter correlations for model 2 are —.005,
285, .416, .531, .630, and .711 for the 0, 30, 45, 60, 75, and

) = /61 + ﬂ?xi)

where i=1,...,K and t=1,...,T;.

Table 8. Parameter Estimates and Standard Errors
(in Parentheses) for 2,4,5-T Data

GEE2 EGEE
Model 1 Model 2 Model 1 Model 2
B1  —3.3863(.204) —2.6105(.149) —3.5065(.198) —2.8108(.143)
B2 .0580(.004) .0455(.004) .0600(.004) .0467(.003)
v .2595(.028) —.0109(.032) .2402(.024) —.0064(.038)
az .0199(.002) .0220(.002)
¢ 1.1366(.051) .9323(.027) 1.1944(.040) 1.0480(.026)
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90 mg/kg dose groups, using GEE2. These correlations are
—.003, .316, .456, .576, .676, and :756 for model 2 fitted
with EGEE.

6. DISCUSSION

We have proposed a procedure for estimating regression
parameters (3) and association parameters (o) in GLMs
for clustered data. The proposed methodology is based on
the ideas of extended QL and is a natural extension of the
work of Liang and Zeger (1986) and others to the situation
when precise estimates of both the regression and associ-
ation parameters are desired. This approach may be seen
as an alternative to that of Prentice and Zhao (1991), who
proposed estimating equations based on a quadratic expo-
nential model that require a “working” specification for the
third and fourth moments of the responses. Resulting esti-
mators of 3 and a have been found to have good asymptotic
efficiencies in some cases (Liang et al. 1992) and can be
expected to have good efficiency when these higher-order
moments have been well specified.

We have shown that under certain regularity conditions,
EGEE-based estimators are asymptotically normal and con-
sistent. The consistency of the EGEE-based estimator of 3
does not require that the covariance of the response vector
be modeled correctly. The procedure proposed here also
has the advantage that estimates can be obtained with-
out making third- and fourth-moment assumptions about
the responses. Comparisons of asymptotic variances and
simulation-based MSEs have demonstrated advantages of
the EGEE method over alternative estimating equation-
based procedures for some situations of interest.

An alternative procedure for the analysis .of GLMs for
longitudinal data that has not been discussed here is the full-
likelihood procedure introduced by Fitzmaurice and Laird
(1993). These authors proposed an approach based on a log-
linear representation of the joint distribution of a correlated
binary response vector. This representation is a more gen-
eral version of Zhao and Prentice’s (1990) quadratic expo-
nential density in which the canonical parameters are par-
titioned into first-order parameters and into second- and
higher-order parameters. Separate models for the mean and
the second- and higher-canonical association parameters are
specified, and parameter estimation proceeds via a two-
stage iterative procedure that alternates between iterative
proportional fitting and Fisher scoring.

Clearly, this full-likelihood approach offers some advan-
tages over EGEE in certain situations in which the as-
sumed model is correct. For example, such a procedure
yields likelihood ratio tests and parametric variance formu-
las. In addition, the canonical association parameters in the
Fitzmaurice and Laird approach have interpretations as log-
conditional odds ratios and hence are unconstrained, unlike
the marginal correlations used in EGEE. On the other hand,
in contrast to the marginal association parameters of EGEE,
the log-conditional odds ratios do not have convenient inter-
pretations independent of cluster size. This is of particular
concern in the case considered here in which both mean and
association parameters are of scientific interest. A related

1373

drawback is that the distribution considered by Fitzmaurice
and Laird is not “reproducible” in the sense described by
Liang et al. (1992). Therefore, the full-likelihood procedure
is inappropriate for data in which clusters are of various
sizes. Furthermore, EGEE avoids the doubly iterative na-
ture of the maximum likelihood estimation procedure, and
it shares robustness in the estimation of 3 to misspecifica-
tion of second- and higher-moment models. Adaptation of
EGEE to a parameterization of intracluster dependence in
terms of marginal odds ratios appears to be straightforward.

APPENDIX: PROOFS OF THEOREMS 1 AND 2

Included here are a statement of the assumed regularity condi-
tions, some comments regarding these conditions, and proofs of
the two theorems.

Conditions.

1. Let I" be the set of all possible «. Assume that I" is a com-
pact subset of R7.

2. Let U-(y) = Y02, Us(y) and let ®(y) = Eof{Ur(0)},
where Fj is the expectation with respect to the true -y, «vo. Assume
that ®(+) = 0 has a unique solution, ~4, in the interior of I.

3. For every € > 0, there exists a § > 0 such that | ¥ ()| < §
implies that || — v5|| < ¢ for each ¥ € I,

4. For any open set S C T, let a and b be two points in S
such that the line segment L(a,b) C S. For each K > 0, let ¥,
be the ith component of Wi, i =1,...,q, and let VU, (7;) be
the gradient of g, at the point 4; € L(a, b). Let '

. 1/2
Wi = Z sup  |[VUk, (3:)| :
i1 Vi€L(a,b)

Assume that there exists a Ko such that for all K > Ko,
Ey(Wk) < 0.

5. There exists an open set S C I containing o such that
for any two points, a and b in S such that the line segment
L(a,b) C S and vo € L(a,b), 8V, (7)/87, and 6° ¥, (7)/07°
exist almost surely for each i =1,...,¢, and all 4 € L(a, b).

6. Eo(supg [ ¥k (v5) — ¥ (7)) < oo.

7. There exists an open set S C I' containing =y, such that for
any two points a and b in S, such that the line segment L(a, b) C
S and o € L(a,b), the result

(& =) VU - {t5 + (1 = )y }(F — o)

is a continuous function of ¢, for all 4 € L(a,b) and each
i =1,...,q. Here V?f(a) denotes the matrix of second deriva-
tives of f(a)—V?f(a) has (4, 7)th element 9* f(a)/0a’da’—and
superscripts in (A.1) indicate vector components.

8. There exists an open set S C I' containing -y such that
for any two points a and b in S, such that L(a,b) C S and
Yo € L(a, b),

(A.1)

L
K

o°U* - (%)

W < 9ik(y),

where E{g:jx(y)} < oo for each 4,5,k € {1,...,¢} and all 7 €
L(a,b).
9. It is assumed that F{DU - (o)}, is nonsingular.
10. The matrices x;, ¢ = 1,..., K, are assumed to be iid ran-

dom matrices.

Comments about Conditions

Conditions 1-6 are assumed to establish the consistency of 4.
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Condition 2 holds for 3 when the link function is linear, be-
cause when Ou /08 has rank p, po = p is the unique solution of
Eo{Ui(v;8)} = 0. Here po is the mean, g~ (X/3,), at the true
regression parameter, 3o. In the nonlinear link situation po = p
can be expected to be the unique solution when a good linear ap-
proximation to the link function exists for values of 3 of interest.
(See, e.g., Seber and Wild 1989 for a discussion of this issue in the
nonlinear regression context.) It is not required that the assumed
covariance matrix be correct.

However, when the covariance matrix has been correctly spec-
ified, a unique solution for « and ¢ is ensured if the equation

=0 (A.2)

orR M) TU {R(a‘))ﬂé"—}
tr{R(a) da } ~ tr{R(axo)R"'(a)}

has the unique solution o« = axo. This equation results from the
simultaneous solution of Eo{U-(y; )} = 0 and Eo{U-(v;¢)} =
0. The fact that (A.2) implies that o = ag can be verified for sim-
ple cases such as the AR(1) and exchangeable correlation struc-
tures. Howeyver, it has not yet been established whether or not the
condition holds in general.

Conditions 5 and 7-10 are used to prove asymptotic normality.
Condition 10 allows an iid proof and is assumed for simplicity. The
other conditions are standard regularity conditions of the sort often
used to establish asymptotic normality. (The interested reader is
referred to LeCam 1970 for a discussion of these conditions.)

Proof of Theorem 1

By the weak law of large numbers, as K — co, Uk (v) 2 ¥(v)
for each 4 € I". Condition 3 implies that for every € > 0 and each
K > 0, there exists a § > 0 such that

Pr(||4 — 3l > ¢) < Pr{St;p 1Wx(y) =¥ > 6}

which goes to 0 as K — oo provided that ¥ x converges uniformly
to ¥. Uniform convergence follows from the relative compactness
of {¥x} (Billingsley 1968), which requires that (a) {¥ (¥)} be
tight for some 4 € T, and (b) for each ¢ > 0, > 0, there exists
a 0 such that 0 < § < 1 and an integer Kq such that

Pr{ sup |[|¥x(a)-Px()|=e}<n K2 Ko.

la—bl||<s

Tightness of {¥ x } follows from condition 6, and (b) follows from
condition 4 using the mean-value theorem.

At this point it has been established that 4 2oy, By condition
2, ¥(~v) = 0 has a unique solution. Therefore, v5 = ~o. Hence 4
is consistent.

Proof of Theorem 2
A Taylor series expansion of U - (%) around ~, is given by
U (%) =U" (%) +DU: (70)(¥ —v) + P(¥ — %),

where P is a ¢ X ¢ matrix with kth row given by
1
[ =06 -0t - (4
0

and V?f(a) denotes the matrix of second derivatives of f(a);
V2f(a) has (i,5)th element 8%f(a)/da‘da’. Note that super-
scripts in (A.3) refer to vector elements rather than powers. Be-
cause U- (§) =0,

~U-(7) =DU- (v)# —v) +P(H —7). (A4)
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Adding and subtracting E{DU - (y0)}(¥ — o) to the right side
of (A.4) gives

KU ()
- (”113 [DU - (70) — E{DU - (70)}]
+ %E{DU (o)} + —IlgP)

x KY%(y0 —4).

Note that K~'P = 0,(1) and K~ '[DU - (v0) — E{DU - (70)}] =
op(1). It follows that

—K7?U - (y0) = K**(%0 — o) [_113 E{DU - (y0)} + O”(l)] ’

Thus for large values of K, K'/?(4 — ~0) can be approximated
by

X -1
—KY/? [Z E{DU; (’70)}] U (%),

i=1

which is asymptotically multivariate normal with mean O and co-
variance matrix Va.

[Received December 1995. Revised April 1998.]
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