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Abstract

A kernel regression estimator is proposed wherein the regression function is smooth, except
possibly for a finite number of points of discontinuity. The proposed estimator uses preliminary
estimators for the location and size of discontinuities or change-points in an otherwise smooth
regression model and then uses an ordinary kernel regression estimator based on suitably ad-
justed data. Global Lo rates of convergence of curve estimates are derived. It is shown that these
rates of convergence are the same as those for ordinary kernel regression estimators of smooth
curves. Moreover, pointwise asymptotic normality is also obtained. The proposed method is

tested on simulated examples and performs well under our consideration.
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1. Introduction

We consider the estimation of a regression function which is smooth except possibly for
a finite number of points of discontinuity or change-points, which describe sudden localized
changes. An ordinary kernel regression method assumes that the regression function is smooth
over the entire range of a covariate. Sometimes a generally smooth curve might contain isolated
discontinuities or change-points in the curve, in which case an ordinary kernel estimator may
show a Gibbs phenomenon, see Fig. 3 in Section 4 for an example of this phenomenon. In such
cases we need a kernel regression method which can alleviates such problems.

The main focus of this paper is on the estimation of the entire regression function rather
than on the estimation of change-points and jump sizes. In this context, Miiller (1992), Donoho
(1994) and Koo (1997) use a kernel method, a segmented wavelet method and a spline method,
respectively.

Suppose the response measurements Y; at fixed design points ¢; = i/n, i = 1,---,n satisfy



the following regression model:
Y;=g(ti) +ei, 1<i<n, (1)

where g is the regression function and &; are independent errors with E(g;) = 0, Var(g;) = 0% <
oo. Now, assume that g has a jump at a change-point 7, 0 < 7 < 1, and is smooth otherwise. It
can be deduced that there exists a smooth function f € C¥([0,1]) for some k& > 2, such that

9(t) = F(t) + Al y(t), 0<t<L 2)

Define g (1) = limy, g(t) and g_(7) = limyy, g(¢). Then the jump size at the change-point 7 is
given by

A=g.(r)—g_(1). (3)

The basic idea of the proposed estimator is as follows. First, we adjust data in some way
using estimators for the location of the change-point and the corresponding jump size. Define
Z; =Y; — Aljz () for i = 1,...,n. If Z;’s are available, then one can use an ordinary kernel
regression estimator such as (4) to estimate f. Suppose that we have estimators of 7 and A
with good performance. Then, If we subtract our jump size estimate from the observations after
the change-point estimate, the adjusted data may be considered as observations with a smooth
regression function. Using the adjusted data, we can estimate the smooth function f appearing
in g by an ordinary kernel regression estimator. After that, a final estimate can be obtained by
adding the jump size estimate to the estimate of g.

Miiller (1992) estimated the regression function g in the right and left regions of the estimate
of 7 separately with the boundary kernels. Accordingly, at most half of the data set can be used
to construct an estimate near the change-point. However, the proposed estimator uses the whole
data set to construct estimates and does not use boundary kernels in the interior part containing
the change-point.

For the asymptotic study we assume that there is a single jump in an otherwise smooth
regression function having approximately the same amount of smoothness over the entire range
of the covariate except at the change-point. However, the result can be directly extended for
the case when there are a finite number of change-points.

Section 2 describes the model studied in this paper and summarizes the estimators for the
location of the change-point and the corresponding jump size which are developed in Miiller
(1992). Section 3 proposes a kernel regression estimator with a change-point and states asymp-
totic results. The performance in practice of our approach is investigated in Section 4 through
some simulated examples. Section 5 gives some concluding remarks. The proofs of asymptotic

results are given in Section 6.

2. Jump detection



For the setting (1), one of the most well known estimators of g has the the following form

which was discussed in Gasser and Miiller (1979):

(1) = %gy [ x () (@

where t € [0,1], s; = (t; +tiv1)/2,i=1,...,n—1, s =0, s, =1, and b = b(n) is a sequence of

bandwidths which is required to satisfy b — 0, nb — o0 as n — o0, and K is the kernel function
of order k& with compact support [—1, 1].

For the setting (2), the regression function g has a change-point and the estimator (3) must
be modified. Fig. 3 in Section 4 shows the inadequacy of the unmodified estimator for this
setting.

The curve estimation problem considered in this paper is highly dependent on the estimation
of the location of 7 and the jump-size A based on the data (¢;,Y;), i=1,...,n.

Miiller (1992) estimates 7 and A based on the difference of one-sided kernel estimates:

~

At) = §+(t) —g9-(), (5)

where

R 1 i : 54 t—u
gi(t)—giz:;Yi/Si_lKi( 5 )du. (6)

Here K, and K _ are one-sided kernel functions of order k£ with support [—1, 0], [0, 1], respectively

and b — 0, nb — 0o as n — 0o. Assumptions for the kernel function K, K, and K_ are exactly
the same with (K1) and (K2) in Miiller (1992), which correspond to the case v = 0,u = 1. For
the simplicity, We do not include them here.

Now, 7, the estimator of 7, and A, the estimator of A, are defined as follows:

F=inf{peQ : Afp) = sup NG

and
A =A@#) = g1.(7) — §-(7), (7)

where @@ C (0,1) is a closed interval such that 7 € Q. For the change-point estimator 7 with
bandwidth by, Miller (1992) showed the following holds:

=1 = 0p(n™"0/%). (8)
For the jump size estimator A, we get the following lemma.
Lemma 1 If by is the bandwidth used for the estimation of A with by < ba, then

A = Al = O (BF! + 120, 172).



For two positive sequences {ap} and {b, }, let a,, ~ b, mean that a, = O(b,) and b, = O(ay,)
as n — 0o. Then, if we choose by ~ n~Zk=D/(2%k+1) and by ~ n~1/(2%+43) the rates of convergence
of |# — 7] and |A — A| become O (n=2#/@k+1y and O, (n~*+D/(k+3)) respectively.

3. Curve estimation and asymptotic results

Using the preliminary estimators of 7 and A defined in Section 2, we compute the adjusted

data as

~

Y =Yi—Alpy(t), 1<i<n 9)

Given Y;*’s, the proposed regression function estimator has the following form:

1 & , [ . _
:521@/ K ( ; )du+A1[TI]() (10)
i=1 Si-

where K* is defined by

¢ K, (5%q) for0<t<bwithg={,
K*(;u): K (& forb<t<1-b, 1)
K_(5%q) for1—-b<t<1 withg=15"

Here, K. (-,q) and K_(-, g) are kernel functions with more general asymmetric supports [—1, ¢],
[—g, 1], respectively. The assumptions on K (-,q) and K_(-,q) are described in a similar way
as (2.8) and (2.9) in Miiller (1992).

The proposed estimator can apply the ordinary method and needs no more new idea except
translation. It is natural and very simple in computational aspect.

The convergence rate in the Lo sense of the proposed regression function estimator is given
by the following theorem, whose proof is provided in Section 6. Theorem 1(b) states that our
estimator results in the same convergence rate for the case when the regression function g is

k-times differentiable.

Theorem 1 Suppose that assumptions for K, Ky, K_K,(-,q) and K_(-,q) hold.

(a) If by and be are the bandwidths used for the estimation of T and A, respectively and b is
the bandwidth for §*(t) in (10) with by < b < by, then

/| B2t = 0, (=) +0,(5%) + 0, [ (2 1o W
nb n P n3/1p/% |

(b) If by ~ n~Zk=D/@k+1) " py =/ Ck+3) gnd b~ n =V ZRHD then

/ Fi (t)2dt = ( —2k/(2k+1)).



Furthermore, we get pointwise asymptotic normality of the proposed estimator, as described

in the following theorem.

Theorem 2 Under the assumptions of Theorem 1,
(nb) /(3" (1) — g(t)) > N (F® (1) By, V),
where
By = % / " K*(z)dz and V = / K* (z)dz.

Using this result, one can obtain asymptotic 100(1 — )% confidence intervals for g(t) with
consistent estimator 62 for 02. A general class of such estimators was considered in Hall, Kay
and Titterington (1990).

4. Numerical results

A program for implementing our procedure as it applies to data with a possible discontinuity
has been written in FORTRAN. As in Miller (1992), one-sided kernel estimates §; and §_,
which are defined in (6), employ one-sided kernels K (z) = 6(1 + z)(1 + 2z), -1 < z < 0,
K_(z) =6(1 —z)(1 —2z), 0 <z < 1, respectively, for all examples considered in this section.

To investigate the practical performance of the proposed estimator defined in Section 3, a
simulation study is carried out. For the simulation study, n response-predictor pairs (¢;,Y;) are

generated according to the prescription
Yi=gt))+e, i=1,...,n,

where ¢; = i/n and ¢; are drawn from a normal distribution with standard deviation o. The

sample size for the simulated examples is chosen by n = 512.

Fig. 1 about here.

Fig. 1 displays the true regression function and the scatterplot of the simulated data. The

regression function for this example is given by

4t2(3 — 4t) for 0 <¢<1i,
gi(t) =9 242 -10t+7) -3 for L <t <3,
Byt — 1) for 2 <t <1

Gaussian white noise with 0 = 0.15 is added to produce the simulated data. This regression

function was contrived by Nason and Silverman (1994).

‘Fig. 2 about here. ‘

In Fig. 2, the regression function is

g2(t) = 2 — 2|t — 0.26'/°1(¢ < 0.26) — 2|t — 0.26[>/51(¢ > 0.26) + 1(¢ > 0.78)



which appears in Wang (1995). The standard deviation of the Gaussian noise is 0 = 0.2. In this

case go has a jump and an unbalanced cusp.

‘Fig. 3 about here. ‘

For the first example, the unmodified kernel estimate g(-) defined in (4) (modifications made
at the boundaries, but not at a possible change-point) is shown in Fig. 3. The kernel function
K used for this estimate is K(z) = 3(1 — z2)/4, and the bandwidth is determined visually and
chosen as b = 0.1. The strong evidence for the existence of a change point is smeared out. It is
interesting to compare it with Fig. 6 and 7 in Nason and Silverman (1994): their method also
blurs discontinuity in the data because they do not consider the detection of a jump.

With a choice of bandwidth b = 0.1, the estimator 7 of 7 is found as the maximizer of the
function |A(t)| and is given by # = 0.5. For this data set the estimator 7 gives the true value
0.5 exactly. To check whether this is common or not, we have done the experiment described
above 10 times holding all factors constant, except the noise that is generated. In most cases
(9 out of 10) the estimates of the change-point coincide with the true value and even in the
exceptional case the estimate is 0.499 which is extremely close to the change-point. This may
be explained by the faster convergence of the estimator for the change-point. For estimating
A we use the same bandwidth as used in 7 which results in A(#) = —0.513. The coupling of
bandwidth choice with the problem of finding the number of change-points is discussed in Braun
and Miiller (1998).

‘Fig. 4 about here.

By applying our method defined in (10) with the same bandwidth b = 0.1, we get the final
estimate of the regression curve which is presented in Fig. 4. Comparing Fig. 4 with Fig.
3 displayed before, and Fig. 7 in Nason and Silverman (1994), we believe that our method
appears to perform reasonably well in that it can alleviate the Gibbs phenomenon or peak

shrinkage around the change-point.

Fig. 5 about here.

Fig. 5 shows the final estimate of regression function go. The same kernel functions as in
the first example with a bandwidth b = 0.1 are used. We obtain the estimated change-point
# = 0.781 with jump size A(#) = 0.976. Although detection of the sharp cusp is not satisfactory,

global features of the estimated regression function look quite good.

5. Concluding remarks

We have established theoretical properties of a kernel estimator of a regression function with



a change-point and considered practical aspects of the proposed estimator via numerical study.
Regarding the rate of convergence given in Theorem 1(b), it is the same as the usual rate of
convergence for the case when the regression function g is k-times differentiable. It is anticipated
that this rate of convergence is actually optimal in the sense of Stone (1982) or Yatracos (1988).
According to a limited simulation study, we believe that our method can actually alleviate the
Gibbs phenomenon or peak shrinkage.

We have described a kernel regression estimator when the regression function has a single
change-point, which appears to be easier to understand and computationally simpler to imple-
ment than the method of Miiller (1992). In cases where the regression function has multiple
discontinuity points, first, the number of discontinuity points should be obtained from prior
knowledge about the process under study or should be estimated by the method of Yin (1988).
Then our estimator can be easily extended as in the case of single change-point.

The basic idea of this paper might be applied to other methods of estimating a regression
function including wavelet methods. Considering the wavelet estimates in Nason and Silverman
(1995), which show peak erosion even if they are known to have local adaptivity for spatially
varying functions, an algorithm taking care of discontinuity should be involved. However, due
to the local adaptivity of wavelets for various functions, it seems to us that a method using
wavelets is a promising tool, for example, near the cusp point in Fig. 2. For jump detection, we
can use the results of Wang (1995) or Raimondo (1998). Once we have wavelet estimators for

change-point and size, we can apply the usual wavelet method to the adjusted data.

6. Proofs
6.1. Proof of Theorem 1

To prove Theorem 1, we first write

84—1

O -90) = YW [ K- wdu- )
i=1

+Z(A1[771](t AlTl / K} t—u)du+A1[T 1(t) — Al (1),

where K} (-) = K*(-/b)/b and W; = f(t;) + . So,

/ §" t)2dt < 3/1 (iz:;Wi/:lKg‘(t—u)du—f(t))2dt

13

1 n 84 2
+ 3/ (Z(Al[r y(ti) — A1[7,1](1%))/ Kyt - U)du) dt

i—1

+3/ |A17'1 Alrl()|2dt



The first term in (12) is the integrated squared error of the smooth regression function

estimate without any discontinuity. Since K; is a boundary kernel in the boundary region, we

obtain

[ (S it fm)ih o, (4 L), .

85—

(From (8) and Lemma 1, the second term in (12) can be shown as

/01 (zn:(Al[r 1(t:) — Al g /Z Ky (t —u) u) dt =0, (%) : (13)

i=1

The third term in (12) can be written as

1 1
| @ =821+ [ (00 — 1 0) e

1
+28 [ 18— Al Ol106) = 1@t

Let us observe that

o b1/4
/0 |A = AlLiz (D) 12,1() — L7 y(t)|dt = ( 3/4b1/2)

Then from (8) and Lemma 1,
1
/0 AL 1(t) — Al (t)[2dt
1 b 1/2 pl/4
nb n n3/4b2/
Now from (12), (13) and (14), Theorem 1(a) holds. Theorem 1(b) is a direct result. O

6.2 Proof of Theorem 2

(nb)' (3" (1) — g(t) = (nb)"/2 (ZWZ- / K:(t—u)du—f(t))
i=1

84—1

+(nb)'/? (Z(Al[m] (t:) — Al q(t:)) /Si Ky(t— U)du)

i=1 Si—
+(n6)'/2 (Al (1) — Alpr ()
= A+B+C.
Some calculations lead to

E[A] = %f(k)(t) /ka+(v)dv +o(1), Var[4] = 0'2/K*2 + o(1).

8



(From (4.15) and (4.16) in Miiller (1988),
AL N(F® (#) By, 0?V).

It is easy to show that B—0, C—0 in probability, which imply the result holds. O
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Fig. 1. The case of g;. (a) displays g1 and (b) noisy data with gaussian white noise.
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Fig. 2. The case of go. (a) displays g2 and (b) noisy data with gaussian white noise.
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Fig. 3. Unadjusted kernel estimate of g;.
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Fig. 4. Kernel estimate g} of g; adjusted to change-point.
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Fig. 5. Kernel estimate g5 of g2 adjusted to change-point.
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