Appendix B

B.1 Proof of Theorem 4.1

Put A = n—n" and A; = (a;s,), and observe that, by (4.5), for n within any given but fixed

radius of n°,

)\S(X’i7 7’) = )\s(Xia"?O) + >\IS<X17 TIO)T A + @Zs(n) H"? - TIOHQ )

aisr(Xiom) = ais(Xi,m") + 4l (X, n") T A + Oie(m) I — 0|7, (B.1)

where a,.(X;, 1) = 0a;s;(X;,m)/0n and, here and below, ©; (n) denotes a generic random

variable satisfying, with probability 1, |©; (n)| < C) for || — n°|] < Cy and || X;|| < Cs,
for any Cy > 0, where '} depends on Cs but not on ¢. Hence, for distinct integers 4, ..., %,

depending on sy, ..., sy,

T l
Qi(n) = Z Z Vsy,.se(T) HVVZ’&)

x o A (X)L (X0 T A+ Oy, () I — '}

r l l
= Z Vsy,.se(T) <H M/iSt) {H /\St(Xia'rlO)
=1 s1,..., Sy t=1 t=1
l
By { I Asu<xi,n°>} X, (Xom®) A+ O,(m) I — nOHQ}
t=1 w:uFt
= Qu(Xi,n°) +uj A+ 0i(n)[ln—n"|. (B.2)



Combining (B.2) and (B.1) we deduce that

q

{Ai(Xi,m) Ri(n)}s = Z Wisr (Xi, M) {Y;T - Qir(n)}

r=1

= {(A(Xe ") }+Z[{Y” Qi) ey (X 7°) = (X ) ]

+Ous(n) (|| +1) ln —n°|>.

(If a;s-(z,m) does not actually depend on n then derivatives of ;s with respect m vanish,
and so the term in |Y;"| can be dropped. This is the reason it is not necessary, when A;(x,n)
does not depend on 7, to have E(|Y|°| X = z) bounded in z for all values of ¢, although
boundedness of E(|Y|P| X = z) is needed in order to work with gth cumulants.) Summing

over i, and equating to zero as entailed by (2.12), we deduce that n = 7 satisfies

q

S [ Xt = {77 = Qun®) al (Xo)] (0= )

| =

+
| =

m) (Y] +1) Iln—nl* = Z i(Xi,n") Ri(n°)}s, (B.3)

or equivalently,

(M+L)(n—n")+O0Mm)|[n-n"II°=S. (B.4)

In (B.3), O, is a random variable satisfying, with probability 1, |0,(n)| < p~'/2C; for
|lm —n°|| < Cy and Cy sufficiently small, where C; depends on Cs, and in (B.4), ©(n) is the
p-vector with sth component O4(n).

In view of (4.5), the summands in the definition of by at (4.3) are uniformly bounded, and

all moments of the summands in (4.4) are finite. Moreover, /,; has zero mean and variance



of order k~1. Therefore Rosenthal’s inequality implies that for all Cs, Cy > 1,
P(|IL] > C5) < C5(Cy) (C3 kY/2) ™ (B.5)

where C5(Cy) > 0 depends on Cy but not on Cs or k. (In (B.5), and below, we write the

norm ||@Q|| of a p X p matrix to denote the supremum of ||Q v|| over all p-vectors v for which

[vfl = 1.)

Let ¢ € (0,1) denote a lower bound to the least eigenvalue of MTM, and put C3 = %c. If

I —n°|| < min(Cy' C3,Cy) and ||L|| < Cy then
[(M + L) (n = n")[| = 1Ol Im = n°I* = (c = LIl = C5) [n = n°l| = Cs [ln —n°]|,
and therefore equations (2.12) have a solution whenever
|S]| < C5 min (C ' C5,Cs) .

Hence, the probability of a solution is not less than 7, = 1 — Cg k~¢4/2, for some Cy > 0.

Moreover, we can deduce from (B.4) that under the same conditions, any solution 7 of (B.1)

and therefore, if ||7) — n°|| < C3, we can see from (B.4) that

satisfies

(= n") = (M + L) 5| < (3/20) €1 |1y = 2, (B.6)

sl =n"l <lla—n"Il{1 - B/20) [l —n°ll} < (M + L) S| < 3/20)|IS]. (B.7)

Together, (B.6) and (B.7) imply that if |7 —n°|| < min(C;* Cs, Cy, C3) then with probability



not less than my,

from which follows the second-last inequality in the Theorem. The last inequality in the

(7 =n") = (M + L)' S| < (3/20) €1 G52 IS

theorem follows via a Taylor expansion, enabled by (B.5).

B.2 Proof of Corollary 4.1

Define the event & = {[|S|| <€, || L[| < €}, and let € denote the complement of £. Let ¢ > 0,
let C' > 0 be as in the condition max;<;<; n; = O(k®) in the statement of the corollary, and

note that

(sup )" E{If (@) 1(E)} < P(E)

IN

P([S] > €) + P(IL[| > €)

< 6_2 E(HS”Q) —|—€_2(0+1)E<HLH2(C+1))

O(K'+ k) =0(K™). (B.8)

Assume that f has two bounded derivatives within radius C;7 of n°, where C7 > 0, and
let D, be as in Theorem 4.1. Let ¢ € (0, 1) be a lower bound to the least eigenvalue of MTM,
and write f’ for the p-vector of first derivatives of f. By choosing € = ¢(C5) sufficiently small
we can show, as in the proof of Theorem 4.1, that when & obtains we have |7 —n°|| < 1 Cr,
I{(M + L)™' S}T f'(n°)|| < 5C7 and Dy ||S||* < 5C7, and that the least eigenvalues of
(M + L)Y (M + L) and (I + LM =) (I + LM™") exceed % c. Hence, by Taylor expansion of
f(n) about n°, we deduce from Theorem 4.1 that there exists a constant Cg > 0 such that,

provided £ obtains,

1) = F°) = {(M + L) S} /)| < Cs ISI
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Therefore,

E{f@) 1E)} — ) PE) — E[{(M + L) }" 1)] £'(n")
= O(E|S|IIP) =O0(K™). (B.9)

Let jo > 1 denote an integer. Noting the properties discussed in the previous paragraph,

we deduce that

E{(M+L)"" SI(E)} =M E{ (I+LMmY)™ 51(5)}

= My E{(~ LMY S1E)} + O[E{ILI** IS] 1(6)}]
= Y [B{(- LMY 8} - B{(- LMY S (18] > o)}

ol 3= [BAILI 10121 > )] (BISI?) + B2 81 1)} ),

J=0

(B.10)

where, here and below, order-of-magnitude expressions for vectors are interpreted component
by component. We can further expand terms in L, writing L = L; + Lo where L; is the p x p
matrix with (s, £)th component equal to by — E(bst), and Ly = L—L; (see (4.4) for a definition
of L). Condition (4.5) implies that E||L,||? = O(k™/?) and E||Ly|’ + E||S|]’ = O(K~7/2) for
all integers j, and so we can deduce from (B.10) that the same expansion holds if we replace

L by Ly, replace € by %e in one place, and add a remainder of O(K ' + k~Uo+h) K=1/2) to



the right-hand side:

E{(M+ L)' SIE)}
= MY (B LMY SY - B{(— LY S (18] > o]

J=0

—l—O{ f: [E{HLl”?j [(||L1” > %E) }] 1/2 (E||S||2)1/2

Jj=0

+E{|| L. | |19 1(5)}} +O(K™! + k0ot g71/2) - (B.11)

Since B(||S|[2) = O(K ") then

B{IL 81 26)} < [E(1Lao) 2(s12)]

O{(BILy|2+0)" 2 2]

Using the argument leading to (B.8) we can show that if jj is sufficiently large,
E(||L1H2(jo+1)) _ O<kﬁ(j0+1)) _ O(Kfl) : (B.12)

and therefore
E{|| L[]S 1(€)} = O(K7Y). (B.13)

Moreover, E(S | Fx) = 0, where Fx denotes the sigma-field generated by X;, Xs, ..., and so

E{(- LMY S} = E{(- LiM~'Y B(S | Fx)} = 0. (B.14)



Also, for j > 1,

E{(~LiM Y SI(|S||>e)} = E[(—LlM‘l)jE{SI(I|SII>e)\fx}}

= O[B{IL.IV BE(ISI? | Fx)}| = O(K7). (B.15)

Furthermore, using (B.5) we deduce that

1/2

E{ILP I(ILa)l > 3 )} < (BILY)" P(ILi]l > §e)

= Ok k%), (B.16)

where the last identity holds provided Cy > 2(C + 1); see (B.8). Additionally, by (B.8),

P(E) =1—P(E) =1—0(K). Combining this property, (B.9) and (B.11)-(B.15) we
deduce that
[E{f(m) 1(€)} = f(n°)| = O(K™Y). (B.17)

The corollary follows from (B.8) and (B.17).



B.3 Proof of (4.8)

Assume that min;<;<;, n;(k) — oo and that (4.5) holds. Then, writing U;, for Y;" —

noting that E(S,|X) = 0, we have:

cov(S,, Ss) = E{cov(S,, Ss| X)} + cov{E(S, | X) E(Ss | X)}

— B{cov(S,, S, | X)} ,32 Z E{cov(Us, Uss | Xi)}
k
_ % Zl eov([M(Xim) + (7 - X(xom)}]

[Al(Xi, n) +{Y; — >\1(X¢,"7)}]5

%)

k
1 _
=P ( M) ™ (1 5) M) ¥ = (X))

FE ) (s = )M (Xam)™ 2 V= (X m) | X
[ {)\1 Xion)" +rM(Xe,n) Y - M(X,n)}
A DA T n | K]

X [B{ (X m) s 0 () T = M (Xm))

+38(s = DM (X,n) 7 {Yi = M(Xi, )} Xz}) +o(K™)
K
- % Z E()\l(Xi, ) S (r+s)(r+s— 1) M(X,n)

B[{Y; = M(Xim)}? | Xi]
AR
x E[{Y; — M(Xi, )} ’ Xi}>2>

x (M(Xem) + Es (s = 1) (X m) 2

Qz‘ra and

x E[{Yi = Mi(Xi,m)}? | Xz-])2> +o(K™)

1
=gt rts—1) —r(r—F—s(s-1)}
7 m B (X m) vV X0+ oK)

=rs K" E{\(X,n) " var(Y | X)} +o(K™1),



which establishes (4.8).

B.4 Proof of Theorem 4.2

The version, for the case of centred moments, of the argument leading to (B.3) is identical in

essential details to that given before, and shows that 7 is the solution in 7 of the equation:

=}

% Z Z {a;sr(Xia 770) RZT‘<I’70) + aiST(Xia TIO) R;r(n0>}T (77 - 770>
k
+0,0m) (V7] + 1) g = 0Pl = =3 (A ) )

where R) = (0/0m) R;, is a p-vector. Equivalently, in place of (B.4),

(M+L)(n—n")+O0Mn)[n—n"]>=S.

The remainder of the proof is virtually equivalent to that of Theorem 4.1.

B.5 Proof of nonsingularity of A(X;,n) when defined by (2.15) and

(4.6) holds

For brevity we treat the case where p = ¢ = 2 and n; = n, although other cases are similar.
Writing ps, = E[{Y; — M (X:,m)}" | X4], the first of the following results can be deduced from
(2.16):

2
Hi2 Hi3 Mig — Hzp —H43
3z = =z ’ ,

i3 Hig — M?z — i3 iz



TR E G ) R PHIE T Ve

Ao (Xi,m) Mo (Xi;m) n™h A5, (X m)

where \J.(X;, 1) is the 2-vector of derivatives of A.(X;,n) with respect to n, \,; = 9\, /0n;

and we have used the fact that W;, = n'=". Similarly, pi» = n=! \o(X;, ), piz = n72 A3(X;, m),

fia — Hoy =1 M(Xi,m) + 3{n"" Xa(Xi, )} — {n~ ! Ma(Xi, )}

= n—3 )\4(X’ia "7) + 2 {nil >\2(Xi7 77)}2 )

33| = pio plia — M?z - /%23 =2 :U’?Q + O, (”74) =2n7" Ao (X, 77)3 + O, (”74) .

Therefore, provided that Ay(x,n) is bounded away from zero uniformly in z in the support

of the distribution of X and in a neighbourhood of n°, we have:

s _ LT O nA 420720 —nR

Lo 2n—3 /\g —n2 /\3 n~1L /\2

Here and below we write simply A and \}; for A(X;,n) and \};(X;, n7), respectively. Hence,
defining \.(X;,17) = (A1 (Xi, 1), M2 (X3, m))T, a 2-vector, we deduce that
P st L Op(n) [2M3 A + 17 (AN = A3 Ay) A2 Ay —AsAyy | e cno
i2; = g =
273 2X2 N,y + 1 (A Xy — A Nyy) Ao Aoy — Az N o o
say, where A, and A;; denote A.(X;,m) and A;(X;, n), respectively, and we have suppressed

the dependence of these quantities and the coefficients ¢y on .
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Since R = {Y; — M(Xi,n)} — Qi then

. 0 - _ 0 -
_R;r = —0— RiT =r {Y; - )‘1 (le ,’7)}7’*1 )\/1 + 0— Qi?“
n n
0 ifr=1
_ Ay
=r{¥; - M(Xi,m)} + Aot
Ny n-! ifr =2,
A2

because Q;; = 0. Therefore, writing A = (A1, A)T =1 —n° we have:

Rir(n°) + R, (m")" (n —n°) + O, (| Al%)

Rir(n") = {Yi = M (X5, m) 71 (A Ar+ Ny Ay)

) 0 ifr=1
+ Op([|A]l7) —
-1 ()\lzlAl + /\I22A2) ifr = 2.

n

Hence,

Il
_

%

k / /
= Ri(n°) — _
=1 Co1 C22 2 {Y; - )‘1(Xi7 77)} (/\/11 A1 + )\/12 A2) + n~t ()‘/21 A1 + X22 A2)
+ 0, (E[|A]7)
k c11 € . ci1 (N AL+ Ny Do) +¢120
_ 11 12 Ri(no) B 11 ( 11 21 12 2) 12 1 (negligible),
=1 C21 C22

Co1 ()\/11 Al + )\/12 Ag) + C29 5
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where

0 = 2{Y; = M(Xi,m)} (M Ar A+ N Ag) + 071 (A Ap + Xyp Ay) .

Now,

(ci1 R + Cj2 RiZ)

| =
o

Z(cﬂ )T = M(Xem)} o+ e2() [V = M(Xam)} =0~ dal(Xm)] )

?vl»—

The two terms here give contributions of sizes (kn)~'/2 and k='/2n~!, respectively, so the

second is negligible. Now,

ay =ai(i) = ciu Ny = A N7+ O(n’l),
a9 — ag(i) = C11 )\,12 = )\2_1 )\/11 )\/12 + O(n_l),

e Ny = A A M +0(n7Y) 0 ag = aa(i) = e Ay = A3 ALY+ 0(n7),

and so
a9 = ag(i) = C11 )\/12 = C91 )\/11 + O(n_l) .
Therefore,
koo . k () {Y; =\ X, a; a A
n! Z D> 'R, = Z (@)1 1 Xom) — b ' +(negligible).
i=1 i=1 Cgl(i) {Y; — )\1 (X“ 77)} o Aas AQ
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The condition on M°TM° being nonsingular reduces to asymptotic nonsingularity of the

matrix

ay Qag

| =

k
1=1

Therefore: the first of the following holds:

Gz as

]~

(c11 Ril + ncio Rz?) =
1 i

M-

{CH (/\11 Al + )\12 AQ) + C19 ()\21 Al + /\22 Ag)} + (neghglble) s

7 1

WE

(021 Ril + 1 Co9 Rz2) =
1 i

M-

{621 ()\11 Al + )\12 Az) -+ Co92 ()\21 Al -+ )\22 Ag)} + (neghglble) s

7 1

where

Ril =Y, —M(Xi,m), Ri2 = {Yz — )\1(Xz'>77)}2 - E[{Yz - )‘I(Xz'ﬂ?)}Q | Xi} .

We can solve this for A; and As,, obtaining the result that A; and Ay both equal linear
combinations in k7' 3", R;; and nk~' 3. Rip. The second of these is only O(k™1).
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