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Introduction



Accelerated Life Testing (ALT)

• For highly reliable products or components, a life 

testing experiment takes too long to observe any 

failures under normal operating conditions. 

• ALT is often used to shorten the life so that the • ALT is often used to shorten the life so that the 

failures can be quickly obtained in a reasonable time 

period. 

• ALT experiments are normally conducted at stress 

levels which are higher than normal use stress level, 

S0. 
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Accelerated Life Testing (ALT)

The commonly used methods of stress loading 

(acceleration) include:

• Constant stress ALT:  each unit is subjected to an 

accelerated stress level and this level remains unchanged 

during the testing period although different units may be during the testing period although different units may be 

under different stress levels. 

• Step-stress ALT: the stress subjected to each test unit 

is not constant but is changing in a stepwise manner. 

• Compare to constant stress ALTs, step-stress ALTs 

often obtain information much more quickly. 5



Step-Stress ALT

• Stress level varies with time.

• All test units are tested at an accelerated stress level 

(all at the same level); at the first stress changing time, 

all of the surviving units are moved to a higher stress all of the surviving units are moved to a higher stress 

level; at the second stress changing time, all of the 

surviving units are moved to an even higher stress 

level, and so on, until all units fail (complete data) or 

until a specified censoring time (censored data).

• A simple step-stress only use two accelerated stress 

levels with one stress-changing time.
6



Step-Stress ALT

Graphical representation of a 4-step-stress plan

T
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Problems of Interest
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Two Stress Change Effect Models

For a step-stress plan, the effect of the change in stress levels 
on the remaining life-time of a product needs to be explained. 
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A KH Model
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Previous work on optimal designs 

for step-stress ALTs

Under a Cumulative Exposure Model (CE model):

• Miller and Nelson (1983) and Bai, Kim, and Kee (1989) discuss 

the optimal simple step-stress plans when the lifetimes have an 

exponential distribution. 

• Bai and Kim (1993) also obtain an optimal simple step-stress

plan for a Weibull lifetime distribution for censored data.

• Ma and Meeker (2008) extend the optimal step-stress ALT plans 

construction to the general log-location-scale distributions.
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Previous work on optimal designs 

for step-stress ALTs

Under the KH model with a Weibull life distribution:

• Alhadeed and Yang (2002) derived the optimal simple 

step-stress .

• Most recently, Fard and Li (2009) investigated the optimal • Most recently, Fard and Li (2009) investigated the optimal 

simple step-stress ALT design for reliability prediction.

• We will consider the Khamis-Higgins model too.

-- All of the above results are under the assumption that the 

Weibull shape parameter doesn’t change when a stress level 

changes. 
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Motivation 1

• However, as indicated in Nelson (2004), for many products, the 

spread of lifetime (or transformed lifetime) is also a function of 

stress. 

• Cox and Oakes (2002) pointed out that the accelerated stress 

not only affects the scale parameter, but the shape parameter of not only affects the scale parameter, but the shape parameter of 

the Weibull distribution as well. 

• Such behaviour in lifetime should be taken into account in the 

design stage of the ALT experiments.

• We study the optimal designs for step-stress when both scale 

and shape parameters of a Weibull life distribution are function of 

the stress.
13



Previous work on robust designs 

for constant-stress ALTs

• Ginebra and Sen (1998) investigate the minimax ALT when 

the parameter values, which the design depends on, are possibly 

misspecified.

• Pascual and Montepiedra (2003) discuss the robust designs 

when there is uncertainty on lifetime distribution.when there is uncertainty on lifetime distribution.

• Pascual (2006) develop the model-robust designs against 

imprecision in the assumed life-stress relationship.

• All these paper consider the robust designs for the constant-

stress ALTs.
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Motivation 2

• Minimal research has been conducted in robust designs 

against model departure for step-stress ALT .

• Pascual (2006) noted that estimates under the linear and 

quadratic models may appear similar within the stress quadratic models may appear similar within the stress 

range of the life tests, but tend to diverge beyond this range.

• This is certainly problematic for the practitioner because 

the results from the fitted regression model at accelerated 

levels are extrapolated to normal operating conditions.
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Problems

Assuming a Weibull life distribution,

1. Optimal designs for step- stress ALT with 1. Optimal designs for step- stress ALT with 

a non-constant shape parameter, and

2. Robust designs for step-stress ALT when 

the scale-stress relastionship is possibly 

misspecified.
16



Notation

• n – number of initial test units

• S0 – use stress level

• S1 – low accelerated stress level

• S2 – high accelerated stress level• S2 – high accelerated stress level

• τ – stress changing time

• T – censoring time
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Optimal Designs
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Simple step-stress plan:     

• S0<S₁<S₂

• The failure time of a test unit: 

∼

Model Assumptions

tij ∼ Weibull(θi,δi), i=0,1,2

• The scale parameter θi, i=0,1,2 is a log-linear 

function of stress:

ln(θi)=β₀+β₁Si ,

where β₀ and β₁ are unknown parameters.
19
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All test units are subjected to S1 until τ, at which 

the stress is raised to S2, the test is continued until 

all the test units have failed.

y =ln(t ) ~ S.E.V.(µ ,σ ), i=0,1,2,

For Complete Data

i.i.d.

yij =ln(tij ) ~ S.E.V.(µi ,σ i), i=0,1,2,

where 

µi= β₀+β₁Si ,

and

σ i=1/δi.
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Let

The model can be simplified: 

yij ~ S.E.V.(µi ,σ i), i=0,1,2,

where 

For Censored Data

i.i.d.

where 

µi= β₀+β₁Si –ln(T),

and

σi=1/δi.

Let
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Heteroscedasticity

Let the transformed stress                      .

Assume the shape-stress relationship is:

where γ≥0, and σ0
2 is the reciprocal of the squared 

Weibull shape parameter at use stress level.
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We choose the optimal stress-changing time 

so that  nAVAR of the MLE of reliability, at 

the use stress level and at a given time, can 

be minimized.

Design Criterion

be minimized.
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The parameter of interest, the reliability at time φ for

censored data under the use stress level S0 is

Reliability Estimate

By the invariance property of MLE, the MLE of reliability at By the invariance property of MLE, the MLE of reliability at 

time φ under the use stress level S0 is 

where µ1 and µ2 are the MLEs of µ1 and µ2.

Note: For complete data, using T=1 for the derivation. 24



Optimization Criterion

The asymptotic variance of the MLE of reliability is

where F is the expected Fisher information matrix and H is 

defined as
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Design Criterion (Censored)

• The expected Fisher information matrix F at the use stress 

level S0 can be derived as

wherewhere
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• The elements of the Fisher information matrix for 

complete data are:

Design Criterion (Complete)
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Example

• A simple step-stress test for cable insulation is run to 

estimate the reliability at φ=2000 minutes, under a normal 

use voltage: S0=20kV .

• Test stress levels are:  S1=24kV,   S2=30kV. (so, x1 = 0.4).1 2 1 

• n=100 test units,    T=1000 minutes

• Assume δ0 = 2.2, then                                   , i=0,1,2

• With θ1 = 750 and θ2 = 600, we have the optimal stress 

changing times for both cases of complete and censored data.
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Optimal Stress-Changing Times
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Stress-Changing Time Comparison
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nAVAR Comparison
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Discussion

• The model considered is more general, as a special 

case of γ=0 creates a constant shape parameter. 

• Since the mean lifetime of the test units is decreasing 

as γ increases, there are more expected failures at the as γ increases, there are more expected failures at the 

lower stress level. 

• So the optimal changing stress time occurs at an 

earlier time. This reveals that

• As γ increases the optimal τ decreases.
32



Robust Design Against 

Possible Departure from 
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Possible Departure from 

the Stress-Life Relationship



Robust Planning

• Assumes a particular model to fit the data, but 

recognizes the possibility that the assumed model 

may not be precise.

• Find the optimal stress-changing time so that the 

Asymptotic MSE can be minimized.
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Model Assumptions

Modify the step-stress ALT model used earlier.

tij ∼ Weibull(θi,δ), i=0,1,2

Two scale stress relationships are considered as 

possible candidates: linear and quadratic.

iid

possible candidates: linear and quadratic.

Suppose the linear model is fitted,

ln(θli)=β₀+β₁Si;

The true model is actually quadratic,

ln(θqi)=α₀+α₁Si +α2Si
2
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Asymptotic Distribution of MLEs

• Mq -(quadratic model) true model

• Ml -(linear model) the fitted model

• L(ββββ,ξ) - the log-likelihood under Ml

• L(αααα,ξ) - the log-likelihood under M• L(αααα,ξ) - the log-likelihood under Mq

• I(αααα: ββββ) = EMq[L(αααα,ξ)-L(ββββ,ξ)],

where αααα=[α₀,α₁,α2]T and ββββ =[β₀,β₁]T

• Fix αααα and let ββββ* be the value of ββββ that minimizes I(αααα: ββββ).
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Asymptotic Distribution of MLEs

Define the matrices

A(ββββ) =

B(ββββ) =

and 

C(ββββ) = [A(ββββ)]-1 B(ββββ) [A(ββββ)]-1 
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Asymptotic Distribution of MLEs

• If model assumption is correct (Ml=Mq) then -A(ββββ)

gives the usual Fisher information matrix.

• Fit model Ml to the data by MLE methods 

• ββββ denotes the MLE of ββββ. • ββββ denotes the MLE of ββββ. 

• By Theorem 3.2 of White (1982),        ( ββββ- ββββ*) is 

asymptotically normal with mean 0 and variance 

covariance matrix C(ββββ= ββββ*) 

n
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Criteria for Robust Test Planning

• Quantity of interest is

• We minimize the Asymptotic Mean Squared 

Error (AMSE) of  the estimator above.
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Criteria for Robust Test Planning

Asymptotic Variance is

n
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Asymptotic Squared Bias is

We minimize the Asymptotic Mean Squared Error (AMSE):



Revisit the same example used earlier. 

Suppose that ln(θqi)=α₀+α₁Si +α2Si
2   is true with

• α₀=10.39264742

• α₁=-0.253190592

Example

• α₁=-0.253190592

• α₂=0.004

The designs are derived by minimizing AMSE with 

respect to the stress-changing time. 
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Minimizing AMSE (Complete)

The stress-changing The stress-changing 

time which minimizes 

the AMSE is at 739 

minutes. 

(optimal design is at 832)
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Minimizing AMSE (Censored)

The stress-changing 

time which minimizes 

the AMSE is at 633 

minutes.

(optimal design is at 756)
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Future Study

• Current study is rather preliminary.

• Construct the optimal designs when the simultaneous 

estimation is needed for the parameters involved in both the 

scale-stress and shape-stress relationships.

• Investigate the optimal and robust designs for the multiple 

step stress model which minimizes the loss with respect to 

the stress-changing time(s) and middle stress level(s).

• Robust designs for simple and multiple step-stress ALT 

when a cumulative exposure model is used.
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