Optimal design for the bounded log-linear model
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MISSOURI.

The bounded log-linear regression model, an
alternative to the four parameter logistic model, has
a bounded response with non-homogeneous
variance. In this paper, we theoretically show that
an optimal design that minimizes an information
based criterion consists at most five support points
including the two boundaries of the design space.
The D-optimal design does not depend on the two
parameters representing the boundaries of the
response but it depends on the variance of the error.
Furthermore, if the error variance is known and big
enough, we prove that the D-optimal design is the
two-point design supported at boundary points with
equal weights.

The model

| (B_Y>— + bx +
0og Y _ A = d X €,

or equivalently,
B— A

Y=8 e—(a+bx+€)’

where

Y is the response,

x € X Is a non-random covariate,

e ~ N(0, o?),

a, b, A and B are parameters.

For o, two cases are considered: unknown or known.

Simulated data

(a). The new model (b). The four parameter logistic model
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Simulated data from the bounded log-linear model and the

4 parameter logistic (4PL) model.

http://web.missouri.edu/ hwzq7/

For @ = (a, b, o, A, B)", the Fisher information
matrix based on a single observation at x is
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where z; = e?tP* and d = e? /2.
The average information matrix under a design
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M(E,6) = [ 1(x,0)d€(x) = 3 wil(x, 6)
A i=1

For the model of interest with an unknown o,

an optimal design that minimizes an information
based criterion is supported at no more than 5
points;

the optimal design is always supported at boundary
points.

Theorem (D-optimal design)

For the model of interest with known variance o,
there exists a constant ¢ < 9 such that if
(62 + 1)e? > ¢ the D-optimal design is
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Numerical studies

The sensitivity function
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Sensitivity function d(x, &%, 0) (o unknown)
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Theorem (An upper bound) D-efficiency D-efficiency

Design a b o A B
o=1.0
Uniform n =20 985 446 105.2 39.8 40.8
n=40 983 506 1135 392 447
n=80 963 537 1179 457 43.2
Random n=20 765 299 86.0 21.7 193
n=40 745 319 893 222 214
n=80 89.0 30.7 100.6 22.6 20.7
o=0.5
Uniform n =20 139.3 88.4 270.6 746 77.0
n=40 1314 108.6 2834 87.2 928
n=2380 120.1 1142 2498 90.6 101.8
Random n=20 79.0 476 1742 335 32.0
n=40 835 554 1818 405 43.2
n=80 945 578 1824 444 430

S
Design a b A B
oc=1.0
Unifoom n=20 965 406 353 35.3
n=40 986 452 337 37.3
n=80 963 485 40.7 38.6
Random n=20 742 285 196 17.6
n=40 754 312 20.8 19.7
n=80 903 309 219 211
o=20.5
Uniform n=20 1209 424 474 440
n=40 1290 490 46.2 49.1
n=80 1184 53.6 50.8 53.0
Random n=20 750 320 219 193
n=40 816 335 245 234
n = 80 904.6 349 274 2064

HaiYingWang@Omail .missouril.edu



