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Outcome Probabilities

In manufacturing industry, it may be important to study the relationship between
machine component failures under stress. Examples include failures such as
integrated circuits and memory chips in electronic merchandise given levels of
electronic shock. Such studies are important for the development of new products and
for the improvement of existing products. We assume two component failures for
simplicity and assume the probability of failures increases as a cumulative bivariate
Weibull function with stress. Optimal designs have been developed for two correlated
binary responses using the Gumbel model, the bivariate binary Cox model and the
bivariate probit model. In all these models, the amounts of damage (failure) on two
component range from negative to positive infinity.

A Bivariate Weibull Regression Model

Poo = ovi Jo? f(y, 2)dydz
Poi = [y’ fzo f(y,z)dzdy
pro = [ix Jo? F(y,2)dzdy
P11 = f:f fzf f(y,z)dydz.

—log(Bs + B3) = n1(xX; 64)

—log(Ba + B3) = n2(x; 02)

—log(B1 + B2 + B3) = m3(x; 03),
where n1(x; 61), n2(x; 62), and ns(x; 03) are functions which in general may be
nonlinear; 64,02, and 63 may be vectors of parameters.

Locally Optimal Design

Example: System with Two Parallel Components

Extreme forces or stresses can cause one or two components failure or damage.

§* = arg minge=zx)WV (M(E,0)) ,
where =(X) is a set of all possible combinations of design weights and treatment
points in X.

In the Weibull model, the amounts of damage are positive which is natural for
experimental factors such as voltage, tension or pressure.

In this paper, we discuss optimal designs under the bivariate Weibull assumptions.

A design is denoted

Penalty Function

m Penalty function can be used to incorporate measure of component
of damages and trial costs into the design process.

m If components are expensive and testing is destructive, one may wish

to penalize high stress levels.

(a) Parallel System

(b) Crash Test

£ = {Xia Wi}1Ka
where
K is the total number of design points in &,
x; denotes the design point,
n; denotes the sample size tested at the design point x;,
n = Z;(=1 n;,
w; = n;/n denotes the weight at the design point x;.

A Problem of the Crash Test

m A problem is the crash test is usually performed on just one vehicle under one set
of conditions.

m Especially, the ANCAP conducts the frontal offset crash test with just one speed
level (64km/h).

m [t is unreliable to assess safety on just one vehicle with one speed level for each
test because there are several sources of variation.

m To address these problems, a good statistical model for various speeds evaluated
with a small number of trials and provided more significant information should be
considered to obtain better assessment.

Penalized Locally Optimal Design

The design
§* = arg minge=x)W (NM(&, 0))
subject to the restricted penalty function n®(£) < C is equivalent to

M(&, 9))
®(€) /-

Two Dependent Binary Outcomes

§" = arg mingcz(x)V (

Let U and V denote the outcomes for the first component and the second
component, respectively, with 0 for no failure and 1 for failure.

Let puv(x) = Pr(U = u, V = v|X = x), {u, v} € {0,1} denote the outcome
probabilities given a stress x.

where
m C is a predetermined limit on the total cost of an experiment.

B O(¢) = Y1, wig(x;, 0).

Crash Test

Component 1: The human component (human dummy).

1st Component
i i - - 24 Component 2: The machine component (vehicle).
0 (Success) 1 (Failure) ion: X Exampl 2|
2nd Component 0 (Success) Poo P1o P.o Restricted Penalty Functio ¢( y 99 C17 CZ) ( amp e) ghe f_t[equency of failures (damages) of two components follow the bivariate Weibull
1 (Failure) Po1 P11 p.1 iy ensity.
Po. p1. 1 : Only the one covariate: standardized measure of speed

Y — Observed speed - Minimum speed
~ Maximum speed - Minimum speed.

Outcome Probabilities
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The regression equations:
ni(X; 8j) = 0¢ + 0;x, where i=1, 2, 3.

—log(Bs + B3) = 6o + 01X
—log(Ba + B3) = 6o + 02X
—log(B1 + B2 + B3) = 6o + O3x.

Likelihood function

Penalty Range =[0.2, 10.2]

@& Cy=1,Cy=0

The likelihood function of a single system with two component failures U and V at
stress x is

—a&— C1=5,C,=5
L(6]u, v; x) = piy x pig' ™"

X p(()‘:—u)v

> p(():)—u)(1—v).

—¥%— C;=.1,C=1

Marginal Weibull Densities of Failure Conditional on Speed x

Let Y and Z denote amounts of damage on component 1 and component 2. : : :
Figure: Restricted penalty function

¢(X, 0, Cy, C2) = (1 — p1.(X,0))~ (1 — pa(x,0))~% + ¢,where ¢ = 0.2, iif

é(x,0, Cr, Cy) € [0.2,10.2] . R Zi/ K

Op=—15,00 =3.6,00=54,0;=27,0 =2,81=.1,8,=.2
(b)

f(y, z|x) is a bivariate Weibull regression model.
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(d)

In the bivariate Weibull model, the domain of random variables are positive which is
natural for experiment.
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A Bivariate Weibull Model (David D. Hanagal (2005)) f(y|x =.3) f(y|x =.5) f(y|x =.7) f(y|x =.9)
Dichotomization
o2 o—1a—(B5+083)2° —(B1+B2—Bs)Y for 0
Failures (damages) are defined by dichotomizing Y and Z: f(y,z) = g;ggi i 230-2§¥30—1z—(ﬂ4+ﬁs)}"’—(ﬁ1+ﬂz—ﬁ4)zafg; 0 Z i’i ; i z B B o
1330.yo-—1e—(51+52+,33)y0 for0<y=2z< oc. /\ /k

U —= { 0 (No fatal damage for the component 1), if ¥ < v7

1 (Fatal damage for the component 1), otherwise, The marginal density functions of the bivariate Weibull density are

f(y) = (wq) Weibull((B4 + 33),0) + (1 — wy) Weibull((31 + B2 + 33), 0);
f(z) = (wo) Weibull((Bs + B3), o) + (1 — wo) Weibull((31 + B2 + 33), o)

— B2 — B4
where wy = <B1+62—B4)’ Wa = <ﬁ1+ﬁz—ﬁs) .

e  (f (9) (h)
f(zlx =.3) f(z|x =.5) f(z|]x =.7) f(z|x =.9)

1 (Fatal damage for the component 2), otherwise,
where v and v are predetermined cutoff values.

V = { 0 (No fatal damage for the component 2), if Z < v;

Figure: For the component 1 (Top) for the component 2 (Bottom). (Red vertical bars are cut-off
values, vy = .89443 (Top),vy = .70711 (bottom))
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