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Overview	
  

•  Introduce	
  space-­‐filling	
  designs	
  
•  A	
  new	
  class	
  of	
  space-­‐filling	
  designs	
  for	
  a	
  

specific	
  type	
  of	
  irregular	
  regions	
  
•  Idea	
  of	
  adap9ve	
  designs	
  
•  Unbiased	
  es9mators	
  
•  Illustra9ons	
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La9n	
  Hypercube	
  Designs	
  (LHDs)	
  
run X1 X2 X3 
1 1 2 3 
2 2 4 5 
3 3 5 1 
4 4 1 2 
5 5 3 4 

- A n-run LHD can be generated using a random 
permutation of {1, 2, … , n} for each factor. 

- Space-filling design: One-dimensional balance. 

- Limitation: Constructed based on rectangular 
regions.  
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But	
  …	
  Irregular	
  experimental	
  region	
  	
  

Q:	
  How	
  to	
  construct	
  space-­‐filling	
  design	
  with	
  
irregular	
  experimental	
  region?	
  

A	
  Naïve	
  Strategy	
  with	
  Irregular	
  Regions	
  

collapse	
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Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 

Slid-rectangular regions:  
a specific type of irregular 
regions, where the desirable 
range of one factor depends on 
the level of another factor.  
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How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 

Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
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Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 
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Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 
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P=1/2	
  

Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 
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P=1/3	
  

Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 
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P=1/3	
  

Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 
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Op*mal	
  Design	
  Criteria	
  

	
  -­‐	
  Maximin	
  distance	
  

	
  -­‐	
  Minimize	
  correla9on	
  

	
  -­‐	
  etc.	
  

New	
  Algorithm	
  

-­‐	
  A	
  new	
  heuris9c	
  algorithm	
  for	
  op9mal	
  
PLHD	
  searching.	
  

Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  (PLHD)	
  

How to construct design with the following properties? 

- One-dimensional balance 

- Number of design points is proportional to the length of 
experimental region 

Reference:	
  Y.	
  Hung,	
  Y.	
  Amemiya,	
  and	
  C.	
  F.	
  Jeff	
  Wu	
  (2010).	
  Probability-­‐Based	
  La9n	
  
Hypercube	
  Design,	
  Biometrika,	
  97,	
  961-­‐968.	
  	
  	
  



Defini9on	
  of	
  Probability-­‐Based	
  La9n	
  Hypercube	
  Designs	
  
•  Assume there are p factors and the first two factors, x1 and x2, form a slid-

rectangular region.  
•  Factor x2 has k levels and the ranges for x1 are located irregularly on a 

interval [A, B]. For the jth level of x2, the feasible interval for x1 is denoted 
by (Aj, Bj).  

•  A=min{Aj}, B=max{Bj}   
•  Divide the interval [A, B] into n equally spaced sub-intervals and assigning 

the n levels of  by the middle ofx1 these subintervals.  
•  For each level of x1, the feasible range of x2 is defined by Ci, and the level 

of x2 is assigned by 



Unbiased	
  Es9mator	
  

•  An unbiased estimator of the population mean based on the probability-
based LHDs can be written as 

 
     
     where g(.) is an arbitrary function, Yijs are the responses, wij is an 

indicator variable with wij=1 if Yij is selected by the design, and wij=0 
otherwise.  

•  Its variance can be written in the Yates-Grundy expression (Cochran, 
1977, pp. 260) 

	
  



Further Improvement 

•  	
  	
  
	
  

•  Proposition 1 shows the expected number of points located in each 
shaded area. For example: 

     17/6 ( = 4/3+1/2+1) for the upper shaded area, 
     17/6 ( = 1+1/2+4/3) for the middle one, 
     7/3 ( = 1/2+4/3+1/2) for the lower one.  
•  Ideally, the nj values in Proposition 1 should be proportional to the 

length of the shaded area, which can be written as Bj-Aj. This is 
because the information from each area is assumed to be proportional 
to its length.  

	
  

x 

y 



Balanced PLHD 

•  Inspired by the observation in Proposition 1, a modification is 
introduced to incorporate the proportional balance property, where the 
number of observations is proportional to the length of the interval.   

•  We call this design a balanced probability-based LHD. It can be written 
as modified probability-based LHDs with the constraints 

 
•  In practice, the quantities npj are not always integers for given n and pj. 

In that situation, an approximate balance with |nj-npj| < 1 should be 
imposed. 



Example	
  of	
  Balanced	
  PLHD	
  

•  A design with three factors and 22 runs. For the slid-rectangular 
region, factor x2 has five levels and the proportional lengths of x1 at 
different levels of x2 are 3:4:5:6:4. 
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Next	
  Ques9on…	
  

•  How to construct a plan that can adaptively increase sample 
effort in the neighborhood of the high temperature 
observations. 

•  Idea:   
Ø Construct a probability-based LHD to collect initial sample   
Ø Based on n initial observations, whenever the response of a selected 

unit satisfies a given criterion, additional units in the neighborhood 
of that unit are added to the sample.  

Ø  This procedure continues until no more units are found that meet 
the condition.  

Ø  The final design contains every unit in the neighborhood of any 
sample unit satisfying the condition. 

       



Adap9ve	
  Probability-­‐based	
  LHDs	
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Defini9on	
  

•  Network: The set of all units satisfying the condition in the 
neighborhood of one another. Section in the initial design of any point 
in a network will result in the final sample of all units in that sample.  

 
•  For any unit that does not meet the condition, it forms a network with 

size one. 
 
•  The population can be partitioned into K networks.  
 
•  The units that do not meet the condition but in the neighborhood of 

some design points that satisfy the condition are call edge points. 

Reference:	
  Ying	
  Hung	
  (2011).	
  Adap9ve	
  Probability-­‐based	
  La9n	
  Hypercube	
  Designs,	
  
the	
  Journal	
  of	
  American	
  Sta@s@cal	
  Associa@on,	
  106,	
  213-­‐219.	
  	
  
	
  	
  



Unbiased	
  Es9mators	
  for	
  Adap9ve	
  Designs	
  
•  Let          be the set of units in the kth network. The number of units 

selected from the kth network in the initial sample is         
                           
 
     and the inclusion probability of network k is 

 
 
•  A unbiased estimator for adaptive probability-based PLHDs 

     where K is the number of networks in the population, I(nk>0) takes 1 if 
any unit of the kth network is in the initial sample and  

	
  



Variance	
  of	
  the	
  Unbiased	
  Es9mator	
  



Improved	
  Unbiased	
  Es9mator	
  

•  The foregoing unbiased estimator can be improved by 
incorporating more of the information in the final sample.  

•  For example, the observations from edge points are used in the 
estimator only they are included in the initial sample. 

•  Using the Rao-Blackwell method, an improved unbiased 
estimator can be obtained by calculating the conditional 
expectation of the original estimator, given a sufficient 
statistics.  

•  The most efficient choice is the minimum sufficient statistics.  



Rao-­‐Blackwell	
  Unbiased	
  Es9mator	
  

•  The minimum sufficient statistics m is the unordered set of 
distinct labeled observations, i.e.,  

•  Define M as the sample space of m, g(s0) as the function that 
maps an initial design s0 into a value of m, and S as the sample 
space containing all possible samples. 

•  The resulting unbiased estimator  



•  The variance can be written as 



Further	
  Improvement	
  

•  Although conditioning on the minimum sufficient statistics is 
the most efficient one, it is computationally difficult for large 
designs because one has to evaluate all the compatible designs 
in order to obtain the estimation. 

 
•  Idea: Construct an unbiased estimator by conditioning on a 

carefully chosen sufficient statistics, instead of the minimum 
sufficient statistics.	
  



Further	
  Improved	
  Unbiased	
  Es9mator	
  





Simula9on	
  1:	
  Probability-­‐based	
  LHD	
  

•  All	
  possible	
  adap9ve	
  PLHDs	
  and	
  a	
  comparison	
  of	
  the	
  unbiased	
  es9mators	
  



Illustra9on	
  



•  All	
  possible	
  adap9ve	
  BPLHDs	
  and	
  a	
  comparison	
  of	
  the	
  unbiased	
  es9mators	
  

Simula9on	
  2:	
  Balanced	
  Probability-­‐based	
  LHD	
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•  24	
  ini9al	
  sensors	
  in	
  the	
  ini9al	
  design	
  

•  Comparison	
  of	
  adap9ve	
  design	
  with	
  non-­‐adap9ve	
  design	
  (simple	
  random	
  
sampling	
  with	
  same	
  sample	
  size)	
  



Conclusion	
  

•  Most	
  of	
  the	
  exis9ng	
  space-­‐filling	
  designs	
  are	
  
constructed	
  for	
  rectangular	
  regions.	
  	
  

•  A	
  new	
  class	
  of	
  space-­‐filling	
  designs	
  is	
  introduced	
  for	
  
slid-­‐rectangular	
  regions.	
  	
  

•  Adap9ve	
  designs	
  and	
  unbiased	
  es9mators	
  are	
  
discussed.	
  

•  Comparisons	
  between	
  adap9ve	
  designs	
  and	
  non-­‐
adap9ve	
  designs	
  are	
  performed.	
  It	
  appears	
  that	
  
adap9ve	
  designs	
  can	
  reduced	
  es9ma9on	
  varia9ons.	
  

•  Ongoing	
  work:	
  theore9cal	
  deriva9ons,	
  ra9o	
  and	
  
regression	
  es9mators,	
  etc.	
  



Thank	
  you!!	
  


