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PHASE-III CLINICAL TRIALS

TREATMENTS

PROBLEM

Clinical Trials mustmustClinical Trials mustmust

� maximize experimental information

� be randomized, to avoid bias

� minimize potential harm to the patients

In order to achieve a good trade-

allocation of patients to treatments must

Covariates:     Covariates:     

� are usually randomrandom (not under the 

� usually categoricalcategorical or discretediscrete; in 

� prestratification wrt the set of covariates

of the stratastrata with the same importance

TRIALS FOR COMPARING TWO

TREATMENTS

PROBLEM:

patients in the trial

-off between ethicsethics and inferenceinference,

must take into account also covariatescovariates
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under the experimenter’s control)

; in continuous case may be discretized

covariates of interest: in general not all

importance (a-priori information)
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Zi = vector of covariates

Linear homoscedastic model

without covariates

E(Yi) = δi µA + (1- δi) µB

without treatment/covariate interaction

E(Yi) = δi µA + (1- δi) µB + i i A i B

with treatment/covariate interaction

E(Yi) = δi µA + (1 - δi) µB + f

µA , µB   baseline treatment effects,  f( )  known vector

Yi conditionally

MODEL

B

A

    toallocatedpatient 

    toallocatedpatient 

Treatments A and B

B    toallocatedpatient 

covariates of i-th patient

V(Yi) = σ2

interaction:

+ f(zi)
tββββ
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i

interaction:

+ f(zi)
t (δi ββββΑ + (1− δi) ββββΒ )

vector function

conditionally independent



PARAMETERS

1. No covariates: µA , µB

2. NO treat-covar interaction µ , µ2. NO treat-covar interaction µA , µ

3. WITH treat-covar interaction

Variance-covariance matrix of OLS estimators

• depends on allocation proportions

• is random , since covariates are random

parameters of

OF INTEREST

B

µ , (ββββ is nuisance)µB , (ββββ is nuisance)

( µA , µB , ββββΑ , ββββΒ ) 

estimators of parameters:

proportions of A , B within covariate strata

random
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of interest  =  γ



SEQUENTIAL TREATMENT ALLOCATIONSEQUENTIAL TREATMENT ALLOCATION
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WITH COVARIATES:

SEQUENTIAL TREATMENTREATMENT ALLOCATION
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Because of randomization

2

= n
n

D
L

n

randomization:

2
n
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CATEGORICAL

Wlog, assume there are just 2 covariates

{(u,w)   u = 0,1,…,J

Let the covariates’ distribution in the population

pjl= Pr(U = j, W = l

This is assumed unknown, to be estimated

The sample is divided into strata j×l of

After n steps

Nn(j,l) = # of patients with covariates

πn (j,l) = proportion of allocations to A

Global Imbalance Dn

Marginal Imbalance Dn (j),  D

Joint Imbalance D

ATEGORICAL COVARIATES

covariates, U and W, with levels

J and w = 0,1,…,L}

population be

U = j, W = l)

estimated from the experiment

patients. 

10

covariates U = j, W = l   (stratum j×l). 

A in stratum j×l

Dn(l)

Dn (j,l)



COVARIATE ADAPTIVE

For  each stratum (j,l) define Fjl : Z→ [0,1

F (-x) = 1 -Fjl (-x) = 1 -

At step k, the k+1- subject with profile (j,l

where Dk(j,l) is the current imbalance within

Loss measured by

Fjl (Dk(j,l))

= ∑ ∑
J L D j l

L

if model contains all interaction effects

1 1= =

= ∑ ∑n

j l

D j l
L

N j l

⇒ Strong  departures from balance may not have a great impact on 

the loss if observed for covariate profiles

population

ADAPTIVE BCD

 [0,1] decreasing and symmetric with 

- F (x)- Fjl (x)

j,l) is assigned to A with probability  

within stratum j×l

))

2 ( , )nD j l
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( , )

( , )

n

n

D j l

N j l

departures from balance may not have a great impact on 

profiles that occur frequently in the 



PROPERTIES OF

If Fjl(·)’s are the same ∀(j,l), balance is forced in the same way 

in each stratum, for each level of the covariates and also 

∀

in each stratum, for each level of the covariates and also 

globally.

Different Fjl(·)’s reflect relative importance of strata 

due for intance to a-priori information, e.g. 

Global, marginal e joint relative 

Faster convergence to balance of 

competing designs

Loss of efficiency Ln vanishes very rapidly in probability

CA-BCD

), balance is forced in the same way 

in each stratum, for each level of the covariates and also in each stratum, for each level of the covariates and also 

reflect relative importance of strata 

information, e.g. 
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e joint relative imblance converge to 0 a.s.

balance of the C-ABCD compared to 

vanishes very rapidly in probability



(1000  SIMULATEDSIMULATED RUNS)
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COMBINING ETHICS AND INFERENCE

APPROACH

WITHOUT COVARIATES

1. Find target treatment allocation which

criterion that combines inferentialcriterion that combines inferential

receiving the better treatment

Compound Optimal Target Allocation

2. Allocate patients sequentially according
treatment allocation converges to the target

(see Baldi Antognini & 

WITH COVARIATES

Same procedure, possibly with different degrees

each patient’s covariates

INFERENCE: A TWO-STEP

APPROACH

which is optimal w.r.t. a compound

precision and number of patientsprecision and number of patients

Target Allocation

according to a randomized rule such that the

target

& Giovagnoli, 2010)
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degrees of randomness according to



ETHICAL

To maximize the expected percentage of patients

= expected difference between

|θ(z) | =

( )zθ

Without treatment/covariate interaction:

( ) Aµθ =z

|θ(z) | =

The superiority of A or B is uniformly

( ) (
( ) ( A

t

BA

iii ,YE

ββzf

zZz

−+−=

===

µµ

δθ 1 

With treatment/covariate interaction

The relative performance of the treatments
covariates

THICAL AIM

patients who receive the better treatment

between treatment effects

= ethical gain

Bµ−

= ethical gain

uniformly constant over the covariates
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)B

iii ,YE

β

zZz ==− δ 0

treatments depends on the patient’s



OPTIMAL ALLOCATION FOR

( ) ( )=Φ
~ J L

E θEthical

∑
=n

J

j

1

0

% of subjects to the better treatment:

( ) ( )∑ ∑=Φ
= =

pl,j
~ J

j

L

l

E θ
0 0

  π

Optimal Ethical Target: to assign

treatment (for each patient)

Ethical
criterion: 

WITHOUT treatment/cov interaction π

π*
WITH treatment/cov interaction

WITHOUT treatment/cov interaction π

it does not depend on the covariates

FOR ETHICAL CONCERN

( ) ( )( ) 
−− θπ
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2

1

2

1

assign all patients to the better

( ) ( ) ( )l,jl,jπ*     ∀= 1

16( ) ( ){ }( ) ( )l,jl,jπ l,j
*
E       ∀= > 0

1 θ

( ) { }( ) ( )l,jl,jπ
BA

*
E       ∀= >− 0

1 µµ

it does not depend on the covariates



OPTIMALITY FOR

Usual optimality criteria ФI (D-

Var-Covar of OLS gives random quantityVar-Covar of OLS gives random quantity

We take expected value with respect

( ) ( )( )
0 0= =





∏ ∏∝Φ=Φ
J

j

L

l

II
E

~
 πππ Z

FOR INFERENCE

-optimality, A-optimality…) applied to 

quantity.quantity.

respect to the distribution of the covariates

( ) ( )( )
1

22
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−
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
− l,jpnl,jl,j )(  ππ
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COMPOUND O

Compound criterion: combines Compound criterion: combines ethical gain and inferential precision ethical gain and inferential precision 

by by flexible flexible weights weights 

MINIMIZE

are the ethical are the ethical aand inferential criteria             and  nd inferential criteria             and  

standardized standardized 

( ) ( )( ) (
1

1
−

+Ψ⋅=Ψ ππ Eωω

IE ΨΨ   ,

standardized standardized 

The weight ω is chosen on the basis

the two criteria and can be fixed

increasing function of E E ZZ((|θ(z) | )

OPTIMAL DESIGNS

ethical gain and inferential precision ethical gain and inferential precision 

weights weights ω, 1-ω ω, ω 

nd inferential criteria             and  nd inferential criteria             and  

standardized standardized in in [0,1][0,1]

( ) ( )( ) 1

1
−

Ψ⋅− πIω

( )πI~
Φ ( )πE~

Φ
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standardized standardized in in [0,1][0,1]

basis of the relative importance of

a priori or modelled as an

| )



ADAPTIVE RANDOMIZATION

Optimal target allocation depends on the stratum covariates, the 

inferential criterion and the unknown parameters 

WITH TREATMENT-COVARIATES

Randomization probabilities for the current

previous patients’ treatment assignments

previous responses;

Modify the randomization probabilities 

in order to gradually approach 

previous responses;

previous covariates;

and the covariates of the current

New method

Reinforced Doubly –Adaptive Biased

(Baldi 

ANDOMIZATION

Optimal target allocation depends on the stratum covariates, the 

inferential criterion and the unknown parameters 

COVARIATES INTERACTION

current patient will depend on

assignments;

randomization probabilities as the experiment goes along 

order to gradually approach the desired target 
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patient

Biased Coin Design  (RD-BCD)

(Baldi Antognini & Zagoraiou, 2012)   



THE REINFORCED DOUBLY-

DESIGN (RD

Start with n0 initial observation and 

At each step k > n0

� π (j,l) is proportion of allocations
kγ̂

kp̂

( )**
,pγππ = can   target optimal the

� πk(j,l) is proportion of allocations

� is estimate of unknown

� is estimate of stratum

For suitable choice of function φ(For suitable choice of function φ(

k+1 with covariates (j,l) will be
probability

( (  )(   *
jˆ;l,j kk ππϕ

-ADAPTIVE BIASED COIN

(RD-BCD)

and estimates,

allocations to A in stratum j x l

( )kk
**

k ˆ,ˆˆ pγππ =by  estimated becan 

allocations to A in stratum j x l

unknown parameters

stratum probabilities

(•,•,•) current patient at step
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(•,•,•) current patient at step

be allocated to A  with

) )(p  ) l,jˆ;l,j k



THE REINFORCED DOUBLY

Definition of

φ: (0,1)3 →

1. φ ↘ in x

2. φ ↗ in y 

3. φ(x, x, z) = x for all z

↘ in z if x < y
4. φ(x, y, z)  

↗ in z if x > y 

5. φ(x, y, z) = 1 - φ(1- x,1- y, z)   for all5. φ(x, y, z) = 1 - φ(1- x,1- y, z)   for all

NB  A different φ for each stratum can also

NB The RD-BCD can be extended to several

OUBLY-ADAPTIVE BCD 

of φ( x,y,z)

→ [0,1]

all z
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all z

also be defined φij(x,y,z)

several treatments



� The allocation proportion converges

� The estimated target converges to

PROPERTIES OF

� The estimated target converges to

� The estimators of the parameters

asymptotically normal
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converges to the target almost surely

to the desired target almost surely

OF THE RD-BCD

to the desired target almost surely

parameters are strongly consistent and 
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( ) continuous    Target   **
γππ =

Zhang et al., Annals 2007 Covariate Adaptive

Likelihood Design

SPECIAL CASE OF

by  estimated becan  target optimal the

collected  theall with  estimate  stepeach at ,k γ

⇒

( ) continuous    Target   γππ =

 with   toallocated be    will

covariateth patient wist )(

A

k +1

Drawbacks: 

slower convergence, strong variability

  offunction  continuous γ

Adaptive Sequential Maximum

OF THE RD-BCD

( )
 

by 

                 by   step that  toup data  collected

k
**

k

k

ˆˆ

ˆ

γππ

γ

=

  offunction  continuous γ

( )
 y  probabilit with 

  covariate

)l,j(ˆ

l,jZ
*
k

k

π
=+1
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variability for small sample sizes
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